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Abstract. The main object of this paper is to produce a deformation of the KdV 
hierarchy of partial differential equations. We construct this deformation by taking 
a certain limit of the Toda hierarchy. This construction also provides a deformation 
of the Virasoro algebra. 



1. Introduction 

Our aim in this paper is to produce a deformation of the KdV hierarchy whose 
existence was conjectured in [G]. To describe KdV algebraically following Gelfand 
and Dickey [D], let 

Ro = C[«;(°), 

be a polynomial ring in infinitely many variables. Introduce a C derivation d on 
Ro by 

An element of Rq is intended to represent an abstract differential operator in one 
variable. If / is a C°° function on R, then define 

= £....). 

i.e. substitute / for w^^\ ^ for w^^\ etc. 

To describe translationally invariant PDE's algebraically, consider C derivations 
D of Rq which commute with d. The set of such D is naturally just Rq under the 
correspondence D D{w^^'^). So Rq inherits the structure of a Lie algebra, since 
the commutator of two derivations is a derivation. Let 

called the KdV element of Rq. One of the main results of KdV theory is that Ki 
lies in a large abelian subalgebra of Rq- In fact, there is a sequence of elements 
of Rq so that Kn+i is not in the d invariant subring of Rq generated by the lower 
Kji . . . Ki and their derivatives and all the Kk commute. These Kk are called the 
KdV hierarchy. 
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The main object of this paper will be to produce interesting deformations of 
the KdV hierarchy. That is, we seek to produce mutually commuting L/. e -Ro[[e]] 
which become the Kk when we set e = 0, where -Ro[[e]] is the formal power series 
ring in e. 

While the ring Rq captures much of the algebraic structure of KdV, sometimes 
one considers solutions or representations of KdV. Suppose that M. is an ana- 
lytic manifold and let Pq = d, Pi, . . . be derivations of Rq commuting with d. Let 
Xo,Xi5 • • • ) be vector fields on M. and let / be a function on A4. We say that 
/, XO) Xi • • • form a representation of Pq) -Pi) • • • if 

Xk{f)^Pk{f,x{f),x\f)---), 

where we regard the vector field Xk as a derivation on functions on Ai and X = Xo- 
The main example of representations of the Kk is the following: Let X be a 
hyperelliptic curve and let Q be a Weirstrass point. Let 

be the theta function. Then we can find translationally invariant vector fields, 
Xo,Xi • • • so that if 

/ = xg(log^), 

then /, Xo • • • form a representation of the KdV hierarchy. 

Our aim is to develop a difference version of KdV hierarchy to obtain a defor- 
mation of the KdV hierarchy. Here the idea is basically to discretize a differential 
equation. The heuristic motivation for these discretizations in given in [G]. To be 
rigorous we need a method to describe difference equations. We consider the ring 

= C[. . .X_i,Xo,Xi ... ; . . .Y_i,Yo,Yi . . .] 

and let 

S2 = C[. . .a_i, ao, ai . . . ; . . .6-1, bo, bi . . .]. 

Let T : ^2 — >^ ^2 be the C algebra homomorphism defined by T{an) = a^+i and 
T{hn) — hn+i- Now given P, Q G Si, we can define a derivation -Dp,Q : S2 ^ S2 by 

Dp,Q{an) = P{. . . , an-l, Cbn, a„+i bn-l, bn, bn+l • • • ) 

and 

Dp,Q{b^)=Q{... , CLj^—i, cifi, (Xji+i ... , . . . , bji—1, bji, bji+i . . . j, 

where the " indicates that a„ should be substituted for Xq and b^, should be sub- 
stituted for Yq. This construction gives all the derivations of ^2 commuting with T 
and so introduces a Lie algebra structure on Si ® Si. The interesting example is 
the Toda equations: 

Ti = {Pi, Qi) = (F-i - Yo, Yo{Xo - Xi)). 

The main theorem here due to Toda, Flaschka and many others is that Ti lies in 
an unexpectedly large Abelian sub-algebra of the Lie algebra ©^i. In fact, there 

;„ „ .„ 11. , , rr ^ O rr, o 
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We can also describe solutions of the Toda hierarchy using algebraic geometry 
following van Moerbeke. Let N he a positive integer. Let C be the space of all 
complex valued functions on Z. Let T : C — > C be translation by N, T{f){n) = 
f{n + N). Let Cn be the set of translation invariant functions: T(/) = /. Given A 
and -B in Cat, we define 

L{A,B) - C 

by the formula 

L(A,B)Win) = i^in + 1) + A{n)i(;{n) + B{n)i(;{n - 1). 

Thus Lf^j^^B)^^) is a second order linear difference operator. By definition of Cn, 
the operators -£'(yi,B) and T commute, so we can reasonably look for common eigen- 
functions of these two operators. If you think of -^(a,b) ^ a discrete analogue 
of a Schrodinger operator, this amounts to finding the energy levels with a given 
quasi-momentum of a particle traveling through a periodic potential, a problem 
frequently encountered in solid state physics [AM] . We then define the Bloch spec- 
trum B(^A,B) of L{A,B) to be the set of (A, a) e C x C* so that there is a non-zero 
function '0 with = •^'0 ciiid Ti^) = aijj. By projecting to the A axis, it is 

easy to see that i3(A,B) is a hyperelliptic curve, possibly singular. Indeed, there are 
in general two values of a associated to any fixed A. B(^a,b) can be compactified to 
a curve B(^a,b) by adding two points P and Q over A = oo. It turns out that the 
divisor N{P — Q) is linearly equivalent to zero. It also turns out that B(^a,b) does 
not determine {A,B). There arc interesting ways of moving {A,B) so that B(^a,b) 
remains fixed. Such a deformation of (A, B) keeping the Bloch spectrum fixed is 
called an isospectral deformation. The set of all {A' , B') isospectral to (A, B) turns 
out to be isomorphic to the Jacobian of B(^a,b) in a birational sense for generic A 
and B. In particular, any linear flow on the Jacobian becomes a non-linear flow on 
Cn X Cn, which in turn is a linear combination of Toda flows. For example, there is 
a linear flow on the Jacobian so that if {At, Bt) indicates the flow of {Aq, Bq) after 
time t, then 

^ = B,(*-l)-B,(*) 

and 

^^M = Bt{k){At{k)-Bt{k+l)). 

Conversely, given a hyperelliptic curve C of genus g and two points P and Q on 
C and a suitably generic line bundle C of degree g so that N{P — Q) is linearly 
equivalent to zero, we can define A^ and B^ m. Cn so that linear flows on the 
Jacobian become Toda fiows on Cn x Cn- (See [MM] for instance.) 

[G] developed a method for taking the limit of Toda equations. Our purpose in 
this paper is to develop an algebraic framework for these limits and to prove the 
main conjecture of [G]. Here is a formalism to allow us to make sense of taking a 
limit of Toda equations. Let 

i? = C[^(o),z;W... ;«;(0),«;W...]. 



Again we introduce a derivation d by dv^^^ = 1;^^+^) and by considering Rq as a 
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functions / and g: 



For keZ, let Ek : R[[e\] R[[e\] be defined by 

Ek = ex.p{ked) 

as a formal power series in e. Now suppose we have (Pi, P2) G Si ® Si. We can 
then define a derivation Vp^ p^ : R[[e\] — > R[[e]] commuting with d and continuous 
in e topology by 

Pii...E_i{v^'^),Eoiv^%Ei{v^'^),...; 
... ,E_i{w^^^),Eo{w^'^),Ei{w^^^),...) 

and 

P2{...E.i{v'^'^),Eo{v^^^).Ei{v^^^),...; 
... ,E.i{w^'^),Eo{w^'^),Ei{w^'^),...) 

Define a C algebra endomorphism of R[[e\] commuting with d by 
and 

$(«;(0)) = l + eV0). 

$ does not have an inverse on -R[[e]] , but does have one on i?((e)) , the ring of Laurent 
series in e which contain only finitely many negative powers of e and finally define 

-Dp^P, = ^V'p^^p^^-\ 

In particular, it turns out that we get a series of mutually commuting derivations 
T>T^, of coming from the Toda hierarchy. 

Suppose that P e -Ro[[e]] and consider the element W — v^'^'^ — P and let Ip 
be the closure of the ideal of -R[[e]] generated by W, dW , d'^W , etc. Notice that 
i?[[e]]/Xp is naturally isomorphic to i?o[[e]]- The following is one of our main results: 

Theorem 1.1. There is a P so that Xp is invariant under all the T>t^. Thus the 
Vti^ induce derivations D^^. o/i?o[[e]]- Suitable linear combinations of the T^Tk over 
C((e)) are a deformation of the KdV hierarchy. 

We construct this P recursively in powers of e. Suppose we have found a P which 
works to order and we write P' = P + e^Pi. For Vt^ to preserve Xpi to order 
e"^"*"^ it turns out that there is an element Qn computed in terms of the original P 
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of anything. Thus at each stage of constructing P, we meet a highly non-trivial 
obstruction. We will show that there are lots of functions g so that 

(1.1.1) f^\n{9) = ^ 

J z 

for generic ^ e C. If 1.1.1 is true for generic enough then is a derivative. 

We define a generalized idea of representations. Suppose that we have an element 
P e i?. Let M. be an analytic manifold and let x be an analytic vector field on 
M. and let / and g be two meromorphic functions on M.. We define Pxif, g) to be 
P{fi Xfi X^f • • - g-i Xg-i X^9 • • • )• Next, suppose we have a function h an. M.. For any 
given N e Z+, we can extend this definition to P e by 

oo AT 
n=0 n=0 

\i hi and h2 are two functions on A4, we say 

hi = /t2 mod h^ 

if {hi — h2)/h^ is analytic at all the points P where both h is equal to zero at P 
and both hi and h2 are analytic at P. We will use a similar terminology for vector 
fields on M.. 

Suppose we are given derivations Di . . .D^ of R[[e]] and we are given vector 
fields X, xi . . . x„ on a manifold 7W. Suppose we are also given a function h on A4 
which is killed by x and all the Xj- We further suppose that the / and g do not 
have poles along the set {h = 0}. 

Definition 1.2. In the above situation, we say that {f,g,h;XjXi----Xn) form a 
representation of Di . . . Dn if 

X,{P{f,g))^D,^x^M{P){f,9) mod/i^ 

for any P e -R[[e]] and any positive integer N and M sufficiently large depending on 
N . We also assume that these equations are true with the convention that Dq = d 

and that xo = X- 

Definition 1.3. We say that Di is slow under the above representation if Di{P) 
is not in the ideal (e) C R[[e]] for some P G -R[[e]], but Xi vanishes on the set h = 0. 

We can construct representations using algebraic geometry. Let T be the disk 
in C and let tt : A* — > T be a smooth proper family of curves of genus n. We will 
suppose there are sections P : T ^ X, Q : T ^ X, R : T ^ X so that for each 
t e T, we have P{t) + Q{t) is a divisor on Xt = 7r~^{t) linearly equivalent to the 
divisor 2R{t). We will assume that P(0) = Q(0) = i?(0). Choosing a homology 
basis of Hi{X, Z), we can identify x T with the relative Jacobian of the family 
X ^ T. Suppose 7 e Hi[X ^ Z) is given. We will suppose there is function h on T 
so that 
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for all holomorphic one forms on = 7r~^{t). Geometrically, (1.3.1) says that 
under the Abel-Jacobi map which sends a piece of the curve to C^, the secant line 
from Q to P passes through 7. This is meaningful as long as -P(t), Q{t) are all close 
together. Under our identification, a point G x T gives a line bundle C 

on Xt. When h{t) — 1/N for an integer, we can introduce the functions Ajr and 
Be as being defined at points {v,t) for 1/t e Z. It is easy to see that there are 
meromorphic functions / and g which coincide with A and B, and these /, g and 
h and certain linear fiows produce a representation of the Toda Vt^.- Further, by 
studying the geometry of the situation, we can show that this representation is slow 
for + 21^Ti- This turns out to mean that / can be computed asymptotically 
up to an additive constant from g. Lemma 2.6.1. contains the crucial step. It says 
that if / is computed in terms of g up to order /i" and if the representation is slow, 
then we can compute / in terms of g up to an additive constant modulo h^~^^. This 
computation is just that there is a P G -Ro[[e]] so that / = P{g) + C and this P is 
the desired P of Theorem 1.1. This is a strange relation, since for any particular 
AT, there's no relation between A and B. The subtlety here is that the geometric 
genus of the Bloch spectrum for a arbitrary A and B of periodicity N grows with 
N, but the geometric genus of the Bloch spectrum associated to the Ac and B^ 
above remains g, although the arithmetic genus does grow as we let t = 1/N. In 
fact, Xi/N is the normalization of the Bloch spectrum, but the Bloch spectrum has 
many nodes which are resolved by the normalization. Further, the line bundle C on 
the normalization of the Bloch spectrum becomes a torsion free sheaf on the Bloch 
spectrum, which is not locally free at new nodes. 

The basic problem turns out to be to construct lots of such representations. We 
look a families of curves inside x of bidegree (n + 1, 2) with affine coordinates 
X and y. Intuitively, the condition (1.3.1) imposes g — 1 conditions, so there should 
be lots of curves satisfying the condition (1.3.1). We investigate curves near the 
following curve Cq defined by 

Our object roughly is to show that the subset of curves satisfying (1.3.1) is smooth 
of codimension g — 1 near Cq. Further, we let Cq be a line bundle on Cq of degree n 
which has degree one on all the vertical components = (x — 1/A;^) of Cq and degree 
zero on the component — x = 0. Then we can explictly calculate the functions / 
and g we are interested in when we deform the pair (Cq, Cq) in certain directions. 
For instance, when we deform one of the nodes of Co away, but still have the curves 
satisfying (1.3.1). This gives enough information to produce generic enough g's. 

There are several technical problems in establishing our results. One is finding a 
suitable definition of generic. Another is that / is only determined up to a constant 
by g. This problem is overcome by a monodromy argument (Lemma 3.7.3). 

The sequence of commuting derivations can be put in the context of Poisson 
brackets, so that we can consider algebraically the setup of Hamiltonian completely 
integrable systems with conserved quantities in involution with respect to a Poisson 
bracket and the associated flows from the conserved quantities. I learned about this 
type of construction from papers of E. Frenkel. Let 
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We say a monomial in the and bk has weight r if the sum of the subscripts of 
the dfc and bi sum to r. So the monomial 01026-3 has weight 0. Let Ik d Rhe the 
C span of all the elements of weight k. Let be the ideal of R generated by 

(In, Sat+i • • • a-N, O-AT-i • • • bN, bpf+i . . . b-N, b-N-i- 

Let Ik be the completion of Ik with respect to subspaces Ik n Mjv as A?" — > 00. Then 

^ = 04 

k 

is called the Fourier ring. JF is naturally a graded ring. We can construct a series 
of maps fn : R[[e]] ^ T[[e]] so that fn{v''^^) = an and fn{w^^^) = K and the /„ 
behave like Fourier coefficients, e.g. 

fn{HK)= fk{H)fi{K). 

k+l=n 

One can form an analogous ring J-'q from the ring 

Rq = C[. . .6-1,60,^1 • • •]• 

One can then show that the Toda derivations on R[[e]] induce derivations on 
which are compatible with the fn- Now each Toda lattice can be put in a 
Poisson framework and we can make a formal version of these Poisson brackets to 
obtain a Poisson bracket on JF[[e]]. Further, the Toda flows on .?^[[e]] come from 
conserved quantities in JF[[e]]. Let Ip C ^[[e]] be the closure of the ideal generated 
by all the Fourier coefficients fn{'^^^^ ~ P) for n 7^ and a certain Casimir. Then 
we can find an induced Dirac bracket on jF[[e]]/Xp ~ -^offe]] so that the Toda 
derivations come by bracketing with conserved quantities. Further, we can find 
$k G -^[Hl/l^p) for A; e Z so that modulo e the f3k generate topologically and 
satisfy the defining relations of the Virasoro algebra modulo e. 

A similar construction of the deformation of KdV discovered by Frenkel and 
Reshetikhin [FR] in terms of difference equations has been made by Frenkel [F]. I 
believe the techniques of this paper will produce many such deformations of KdV 
hierarchy as well as deformations of W-algebras. 

2. Differential Algebra 

2.1. Let R be the ring of polynomials with complex coefficients with generators 
f and w^^^ where i and j run over the non-negative integers, 

i?=C[i;(°),«;W,i;W,«;(i),...] 

We introduce a C derivation d by the formulas 

and 
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Then d on any polynomial in R is defined by the Leibnitz rule. We have a subring 
Rq <Z R defined to be the ring generated by the w^'^\ 

This ring R is considered to be the ring of translation invariant differential op- 
erators in two functions f{x) and g{x). An element of R can be regarded as such 
a differential operator by making the substitutions 



dx^ 

and 



d'^g{x) 
dx'^ 



so that d just becomes \f P & R and f{x) and g{x) are nice functions of x, then 
we define 

to be the result of making the above substitution. So for example, if P = v^'^^w^'^\ 
then 

If / and g depend on a aiixiliary variable then we write g){x, t). 
The ring R can be used to study systems of equations: 



dt 

dg{x,t) 



Q{f,g){x,t), 



dt 

where P and Q are elements of R. We can encode the pair (P, Q) by defining a 
derivation Df^pqy 

Definition 2.1.1. Df^p Q^ is the derivation of R commuting with the derivation d 
with the additional properties 

and 

Any derivation of R commuting with d is of this form. 

2.2. We will mostly be concerned with the ring -R[[e]]. The elements of this ring 
are formal power series in e so that the coefficients of are just elements of R. 
We extend 5 to be a continuous derivation of R[[t]] by taking 5e = 0. We next 
introduce an important series of maps Ej^ : R[[e\] — > R[[e\] by the formulas 

^ „ , Pe^a^P kh^d^P 
Ek{P) = P + kedP + + + . . . 



Formally, we can write 
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We have that 

EkEj = Ek+j. 

Note that Ek{v'^^^) is just the Taylor series for f{x + ke) 

E,{v^'^)if{x),g{x)) = f{x) + ^^^ + ..., 

when we make the substitution of f{x) for v^'^^ described above. Note that if D is a 
continuous derivation of -R[[e]] commuting with d and D{e) — 0, then D is uniquely 
specified by D{v^^^) and D{w^'^^). Conversely, given F and G in -R[[e]], we can find 
a continuous derivation D commuting with d and with D{e) = 0. Let us call such 
a derivation a tame derivation. 

We will use the ring -R[[e]] to describe the asymptotic behavior of difference 
equations. In our context, a difference equation will be given by two polynomials 
Pi and P2 in the ring of polynomials in the variables . . . X-i,Xo, Xi, X2 ■ ■ ■ and 
the variables . . . Y"_i, Yo,Yi,Y2 In order to facilitate substitution, we will write 

Pi{...a,b,c... ;...a,/3,7, ...) 

to mean the result of substituting a for b for Xq, c for Xi and also substituting 
a for Y-i, (3 for Yq, etc. That is the " is just to indicate the variable to be substituted 
for Xq or Yq. Let S2 be the polynomial ring over C with variables . . 
and . . . b-i, bo,bi . . . . (Of course, R, Si and S2 are all the same polynomial ring 
on a denumerable number of variables, but it is convenient to have different names 
the variables.) Given Pi and P2, we can define a derivation Vp^^p^ of ^2 by 

T^Pi,P2{'^n) — Pl{- ■ ■ On-1, Ojj, ttn+l ■ ■ ■ ■ ■ ■ bn-l,bn, b^+l ■ ■ ■) 

and 

Let T be the automorphism of 5*2 defined by T{an) = fln+i and Tib^) = bn+i- 
Then Vp^^p^ is translation invariant in the sense that "Dp-^^p^ commutes with T. 
Conversely, any derivation of S2 commuting with T is of the form Vp^^p^. Since the 
commutator of derivations is a derivation, this allows us to define the commutator 
of (Pi,P2) with (Qi,Q2) by 

^^[(Pl,P2),(Ql,Q2)] = [^Pl,P2^'^Ql,Q2]- 

We will now define a continuous derivation Dp^ p^ of P[[e]] by 
Dp,,P,{v^'^) = 

Pi(...P_i(t;(o)),Po(^(°^),i?i(^^^°)),...; 
...,£;_i(«;(o)),^o(«^^°^),^i(«^^°)),---) 

and 

Dp.M^^'^) = 

P2(...P-i(^(°)),Po(^^")),^i(^(°^...; 
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We then define Dp^^p^{v^''^) = d'^Dp^^p^{v^^')) and Dp^^p^iw^""^) = d'^Dp^^p^iw^^'^) 
and extend by the Leibnitz rule. Note that the commutator [Dp^^p^, d] vanishes on 
the generators v^'^^ and w'^'^\ so Dp^^p^ commutes with d. It is an exercise in the 
chain rule that 

P(Pl,P2)'^(Ql,Q2)] = ^[(Pl,P2),(Ql,Q2)]- 

2.3. Suppose that we have an element P E R. Let M. be an analytic manifold and 
let X be an analytic vector field on Ai and let / and g be two meromorphic functions 
oiiM. We define ^f) to be g, X9^ X^/, X^9---)- Next, suppose we have 
a function honM.. For any given N ^ a positive integer, we can extend this definition 
to P e R[[t]] by 

oo N 
n=0 n=0 

If /*! and /t2 are two functions on A^, we say 

hi = /i2 mod 

if (/ii — h2)/h^ is analytic on an open dense set of the set {h = 0}. We will use a 
similar terminology for vector fields on A4. 

Suppose we are given tame derivations Di . . . of -R[[e]] and we are given vector 
fields X, Xi . . . Xn- Suppose we are also given a function h on M. which is killed by 
X and all the Xj- We further suppose that the / and g do not have poles along the 
set {h = 0}. 

Definition 2.3.1. In the above situation, we say that p — {f,g,h;X:Xi---Xn) 'i^ 
a representation of Di . . . if 

Xi{P{f,g)) = D,,^,M{P){f.g) mod/i^ 

for any P G -R[[e]] and any positive integer N and M sufficiently large depending on 
N. We also assume that these equations are true with the convention that Dq — d 
and that xo — X- define p{P) — P{f, g)- We will only use p{P) in congruences 
modulo h^ , so in the context of congruence, the formal power series in h makes 
sense. Analogously, suppose that Di...Dn e i?o[[e]]- p = ig,h;XjXi----Xn) is a 
representation of Di . . . if 

Xi{P{g)) ^ D,,^,m{P){9) mod/i^ 

for any P e -Ro[[c]] o-i^d any positive integer N and M sufficiently large depending 
on N. 

In the Definition, it suffices to check the cases P = and P = w^^^ to check 
the equality of the definition for all P, since both sides are derivations. 

Definition 2.3.2. Suppose D — '^aiDiis a linear combinations of the Di. We 
say that D is slow under p if there is a P & R[[e\] so that D{P) is not in the ideal 
(e) C -R[[e]], but X^'^iXi vanishes on the set h = 0. 
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2.4. We will be constructing representations be in the following context: Let V be 
an analytic manifold and let Al = ^ x C^. Let tt be the projection of M. onto V. h 
will be the puUback of some function on V via tt. a = ao and ai . . .ak will denote 
sections oi tt, ak ■ V ^ A4. Now any section r of tt induces vertical vector field Dr 
on J\4 by 

D.(/)(x)=lim:^^^±i^^M^/M. 
P^O p 

We can define representations of R[[e]] when we have C°° functions / and g which 
satisfy difference equations. 

Proposition 2.4.1. Suppose that f and g satisfy the following equations: 

Pi,n{- ■■f{x- /i(x)cr(7r(x))), /(x), f{x + h{x)a{Ti{x))) . . . ; 
...g{x- h{x)a{'n{x))),g{x), g{x + h{x)a{'n{x))) . . . ) 



B,Mix) = 

P2,n{- ■■fi^- h{x)a{7j:{x))), /(x), f{x + h{x)a{7r{x))) . . . ; 
...g{x- h{x)a{'K{x))), g{x), g{x + h{x)a{'K{x))) . . . ) 

where Pi^k o^^e in Si and the " is the place indicator. We let Dj. be the element 
Dp^ fc,P2 k! ^ tame derivation of R[[e\] defined above and let Xk = D^.^, and x be Da- 
Then (/, g, h; X, Xi> • • • Xn) form a representation of Di, . . . , Dn- 

Proof. 

All we need to do is to check that 

X.(/)^A,x,iv(^(°))(/,^) mod/i^ 

and 

Xr{9)^D,,^,N{w('^){f,9) mod/i^ 

In fact, 

Pi,n{- --fix- h{x)a{'K{x))), /(x), f{x + h{x)a{7v{x))) . . . ; 
. . .g{x — h{x)a{7r{x))), g{x), g{x + h{x)a{7r{x))) . . .) mod 

This in turn follows from 

f{x+ph{x)ai7v{x))) = i?p(t;(o))^,;v(/, g) mod h"" , 



which in turn is just Taylor's theorem. 
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2.5. We will frequently use this construction when 

f=-2 + h^h 

and 

g=l + h^gi, 

where / and g are meromorphic functions of M., which do not have polar divi- 
sors containing {h — 0} To this end, define a C algebra endomorphism of R[[e]] 
commuting with d by 

and 

$(«;(0)) = l + eV0). 

^» does not have an inverse on -R[[e]], but does have one on i?((e)), the ring of 
Laurent series in e which contain only finitely many negative powers of e. 



Definition 2.5.1. Suppose D is a tame derivation of -R[[e]]. We define a new 
derivation D$ of -R((e)) by 



In situations we will be considering D$ will turn out to be a tame derivation of 

RM]. 

Lemma 2.5.2. Suppose f = —2 + f\ and g = 1 + h?gi. If 

P= {f,9,h;x,Xi---Xn) 

are a representation of Di . . . then p$ = {fi,gi, h;XjXi--- Xn) is a representa- 
tion of Di^^ . . .-Dn,*- 

Proof. 

mpmfu9i) = pif,9) 

for any P e R[[e]]. So 

x^mpmfl,9l))-x^ip{f,9)) 

= D,{P){f,g) modh^ 

= {^Di{P){f^,g^) mod/i^ 

= (L»*,i)($(P))(/i,^i) mod/i^. 

Given Q e -R[[e]], we let P — ^~^{Q) and then we have 

Xi{Q){fi,9i)) = {D^,i){Q){fi,9i) mod /i^ 

so we have a representation. 

Next we work out a simple example of these definitions. We take 



r> \^ \^ ^ o 
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and 

P2=lo(^0-^l). 

These are the Toda equations. Then define Di by 

i)l(^;(0)) = ^i;(0) - ^(i)e + «;(2)e2/2! + . . . - 

= _^(i)e + ^(2),2/2! + ... 

and 

L»i(«;(°))=«;(°)(-^W-^(2)e/2!... . 

Then 

^i,x,iv(^(°^)(/,^) = -hxig) + hWg)/2\ + .... 

and 

D^,^M^^'^){f,9) = 9{-hx{f) - h\\f)/2\ + ...)• 
So if (/, ^, h; xi) is a representation of Di, then we will have 

Xi{f)--hx{9) + h\\9)/2\ + ... 

and 

Xi(^7)=^7(-/iX(/)-/iV(/)/2! + ...), 

where these equations are taken to be true near {h ~ 0} modulo high powers of h, 
so the expansions are considered to be asymptotic. 

2.6. Recall that i?o C i? is the C algebra generated by the w^'^\ Next, we consider 
P e -Ro[[e]] and assume that 

Assume we have a representation (/, g, h; x, xi) of Di. Assume that 
and that 

Assume that this representation is slow for Di, so that xi vanishes on h = 0. Let 
V be the derivation defined by 

P(^(0))=^(i)-^(i) 

and 

P(«;(0)) = «;W-^(1). 

Then 

Di = V + eS. 

Let W — (f — P) and let Xp be the closure of the ideal generated by VF, dW ^ 
d^W.. . . If Q e R[[e]], let Q be the image of Q in R[[e\]/Ip. Then there is the 
natural map 

: Ro[[e]] ^ R[[e]]/Ip. 

Note that cti is an isomorphism. We let a{Q) be ai^(Q). Thus a{Q) is just the 
result of replacing any occurrence of v^^^ in Q by P, any occurrence of v^^^ by dP, 
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Lemma 2.6.1. Given P and Di as above, there is anTl & Ro[[^]] so that if 

p(^;(°) - P) = mod /t". 

Then 

X{p{v^^^ - P)) = p{n) mod h''+\ 
Note that Ti does not depend on p. 

Proof. We let s = p{v^^^ - P). Notice that if Q e i?, then 
(2.6.1.1) p{Q) = p{a{Q)) mod/i^, 

since P = a{v^^^) and 

p(i;(°)) = p{P) mod /i" 

= p((j(w(°))) mod/i" 

Let X = Xi(s)- Then 
X = piDiiv^^^ - P)) 
= p(L'i(t;(°) -ePi)) 

= p(D(z;(°) - - ePi) + e^(t;(°) - m;^") - ePi)) 

= p(2a(z;(°) - «;(°)) + €{p{-V{Pi) + - - e(Pi)) 

= 2x(p(^;^°^) + p{-w^^^)) + e(p(-P(Pi) + S{v^^^ - w^^^ - ePi)) 

= 2x(s) + 2xp(P) + p(-2w;(^)) + e(p(-P(Pi) + £:(7;(°) - - ePi)) 

= 2x(s) + p(2aP - 2w^^^) + e(p(-P(Pi) + £{v^^^ - w^°^ - ePi)) 

Noting that p{a{-V{Pi)+£{v^^^ -w^^^ -ePi))) is congruent to p(-P(Pi)+£(w(o) - 
^(0) _ ePi)) modulo h"' from (2.6.1.1), we can continue 

= 2x(s) + p{a{2dP - 2w^^^ + e{-V{P{) + 8{v^^^ - w^^^ - ePi)) mod 

But 

a; = mod/i"+^ 

since Di is slow for p so we obtain the conclusion of the Lemma. 

Definition 2.6.2. Let Di{v^^^) = Pi and Di{w^^^) = Qi. We say Di,...Dn are 
nice if 

P,(^(°) + K,^W,...;^(°), «;«,...) = 
and 



•) = 

e(;.)q,(.(°),.w,. 



;t(;(°),t(;W,...)K^' 
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Definition 2.6.3. Let Di{v^^'>) = and Di{w^^'>) = Qi. We say the p has weights 
n ... rn if 

and 

QiH^o), uv^^\ . . . ; uV\u^w^'\ ...)= u^^+^Qi{v^''\v^'\ . . . ; w^'\ ...). 

Lemma-Definition 2.6.4. Suppose that p = (/, g, h,x',Xi--- Xn) is a nice repre- 
sentation and that s is a meromorphic function on A4 with x{s) = and Xi{s) = 0. 
Let 

Then p' = [f -\- s, h, x; x'l • • • Xn) ^ representation of Di . . . and we call p' 
the translation of p by s. 

Definition 2.6.5. Suppose p = {f,g,h,x'iXi---Xn) has weights ri...rn- We 
define an extended representation p' = {f',g',h',x',XiT--) on x C by first 
defining a function u : M. x C ^ C hy 

u{m, z) = 1 + h(m)^z 

and 

f'{m^ z) = «(m, z)f{m) 

and 

5f'(m, z) = u{m^ zYg{m) 

and x'i is w^"'^* times the natural puUback of Xi ^nd h' and are the natural 
puUbacks of h and x to x C. 

Rem,ark 2. 6. 6. This definition works fine without the particular choice of it = l+h?z 
we have made, but the next remark does not. 

Remark 2.6.7. In the situation of Definition 2.6.5, suppose that 

f=-2 + h^h 

and 

g = l + h^gi. 

Then 

p'q,{w^^^){mj z) = p$(u'*-°-*)(m) + 2z mod h. 

Definition 2.6.8. If G i?o[[e]], we say g = p{w'^^^) satisfies the equation W 
non-trivially mod /i" if 

p{W) = mod /i" 
and g does not vanish at a generic point of {h = 0} and ^ (e"^). 
Remark. Note that in the above definition, we can find Wi G -Ro[[e]] so that Wi = 
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2.7. Let D e Rq. We introduce the variational derivative of D 



k=0 

This operator has the property that 



(2.7.0.1) 



Tel '"■'^''\ 



e=0 ^0 



277 



if / and g are periodic. d{D){f) can be somewhat more intuitively defined by 
equation (2.7.0.1). Evaluating 



I 



D{f + eg) 



will yield the integral of a differential polynomial in / and g. To take the limit at 
e — > 0, we can throw away all the non-linear terms in g. Further, we can eliminate 
any occurences of derivatives of g by integration by parts. The resulting differential 
polynomial in / is S{D){f). 

Lemma 2.7.1. Suppose we have a function /(ti, ^2 • • • tn', x) which is periodic with 
period 1 in x. Suppose that for generic z, we have 

z+l 

D{f){x)dx = 0. 

J z 

Then 
for all i. 

Proof. We assume that z = 1 for convenience. Fixing ti, t2 • • • , we let 

/ N f{ti+e,t2...,tn)—f{ti,t2...,tn) 

g{x, e) = ^ 

Note that g{x, e) is holomorphic function of x, even when e = 0. In fact, 

So 

/ D{f + eg)^ / D{f{ti + e,t2...tn;x)dx. 

J z J z 

= 0. 

Taking the derivative of both sides of the equation with respect to e and setting 
e = 0, we obtain 

.Z+l 



f 

J z 
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Lemma 2.7.2. Let D E Rq be of order m, i.e. the highest derivative occuring is 
of order m. Suppose that 

df 

— — (0, . . .0;x) = ak + bk exp(27rikx), 

Otk 

with bk 7^ 0. Then D{f) is not identically zero. 

Proof. Fix a point xq. We define a map 0a;o : C"^ — > by 



t2 



df{ti,t2,.. 
















a'"/(ti,t2,. 





We can compute the Jacobian matrix d(f)xo of 4)xo (0) 0, . . . 0). 



#^„(0,0,0...0) 



We claim that det{d4)xo (0, 0, . . . 0)) 7^ for generic values of xq- It suffices to show 
that det{Wxo) 7^ 0, where 



Xo 



61 62 

1 2 
1 4 



\ 1 2"^ . 

In particular if det(Wxo) — 0, then we would have 



m 



m' 



+ 1\ 



Ol 02 Om 



det 



2 
4 



\ 1 2"* ... m"^ / 



m 
2 



for any value of 2;. In particular, taking 2; = 0, we would have that a Vandermond 
determinant was zero. 

So the image of (t)xo would contain an open set. On the other hand, the equation 
D{f) = says that the numbers 

f /j. J. + ■ rr \ df{tl,t2,---tm;Xo) d'^f{tl,t2,---tm;Xo) 8"" f {tl ,t2 ,■ ■ -tmlXo) 

J yi^lj ''2) • • • I'm) XQ), , , . . . , d'^x 

satisfy a non-trivial algebraic equation H = independent of ti, ^2, ■ ■ ■ ^m- But 
{H = 0} cannot contain an open set. 
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2.8. We wish to study representations in the following somewhat degenerate con- 
text: We have a sequence of functions Qr on Mr = Vr x C and let TTf- be the 
projection of M.r Vr- We can write gr{v,z), where v G Vr and ^ G C. We will 
assume that gr are periodic with period one with respect to the second variable, 
e.g. 

9r{V:Z) = gr{v,Z+l). 

Let T)r be the ^ which is tangent to the fibers of tt^.. We can define P{gr) for all 
P e -Ro so that {w^^^){gr) — gr and 

T>riPigr)) = d{P){gr). 

We also assume there are maps kr : Vr ^ so that the puUback of gr+i is gr 
via kr X id. We also assume we are given points Qr G Vr compatible with the maps 

TTr- 

Definition 2.8.1. We say the family {gr} is generic if first for any D e Rq, there 
is an r so that D{gr) is not identically zero. Second suppose that we are given a 
D e Ro- Each point v of Vr yields a function of x by 

Fv,r{^) = 9r{v,x). 

Suppose that 

/ D{F^^r){x)dx = 

for generic z,v and all r. Then there is an £" G Rq so that D = dE. 

Next we give a criterion for the family {gr} to be generic. We further assume 
that for any positive integer n, there is an integer r so that for any integer k, 
—n < k < n there are maps (t)k^r of the unit disk D C C to with the following 
properties: Let Gr,k be the puUback of to D x C via (l)k,r x id. Let E be the 
vector field on D x C defined by 

(EG)(M) = ^. 

We suppose that 

(2.8.1.1) {'EGr,k){0,z) = ak,r + bk,rexp{27rikz), 

where ak,r, ^fc,r £ C and bk,r 7^ and ar,o = 0. Further, we suppose that </>fc,r(0) = 

Qr- 

4>k,r induces a map '(l)k,r from the tangent space Tq of the disk D at zero to the 
tangent space Tq^ of Vr. Note that the vectors 

are all independent, since otherwise we would get a linear dependence relation 
between the functions ak,r + bk,r ^^Pi'^'^ikz) . We can introduce a coordinate system 
ti,t2. . .tp on Vr so that Qr is the origin of the coordinate system and the span of 
the functions 

|^(0,0,0...0;a;) 

contains the span of the functions exp(27ri/c2;) for k from —m to m. This is because 
the linear span of the functions ex^{2'nikz) is the same as the linear span of the 
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Lemma 2.8.2. Suppose that for each r, we have that there is a periodic meromor- 
phic function Wr on Vr x C so that liriwr) = D{gr). Then under the assumption 
of (2.8.1.1), there is a E e Rq so that D = dE. 

Proof. If 5{D) = 0, then we can find E so that dE = D + C, where C is constant. 
But our assumption imphes that 

2 + 1 

D{gr) = 0, 

for generic z, where we integrate along a straight fine for 2; to 2; + 1 in C. Since 
E{gr) is periodic, we have 

0. 



/ dE{gr) 

J z 



So we would have C = 0. So we may assume that 5{D) ^ 0. Note that 5{D) ^ C. 
Consequently, we can find a map 7 : D' ^ Vm so that 

{5{D){gr)){l{t),x) = t^G{t,x), 

where G(0, x) is not identically zero as a function of x and D' is the disk. Now 
G{v, a; + 1) = x). Thus for generic x there is an integer k so that 

x+l 

^(0, z) exp{27rikz)dz ^ 0. 



Choose a p so that exp{2TTikz) is in the span of the functions 

(0,0,0...0;a;). 



dgp 
dti 

On the other hand, we have that 



0=/ KD){9p)- 

J z 



dti 

Hence we can find a function R so that 



0= / 5{D){gp){^{t),x)R{t,x)dx 

J z 



and 

R{Qp,x) = exp{2Tvikz) 

dgp 



by taking i? to be a linear combination of the functions . In particular, we obtain 

0= r 6{D){gp){^{t),x))R{t,x) 

J z 

rz+1 

=r / G{t,x)R{t,x) 

J z 



So 

r-2 + l 



l-Z + i. 

0= / G{t,x)R{t,x). 

■I z 
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Lemma 2.8.3. Suppose that Di . . .D^ G Rq- and that the family {gr} is generic. 
Then we can find an r so that if D is a non-trivial linear combination of the D}~ 
and D{gr) = 0, then D = 0. 

Proof. We can assume that the Di are linearly independent. Let Wr C C"^ be the 
set of (ai . . . an) so that 

^UkDkigr) = 0. 

k 

Wr is a sequence of linear subspaces which decrease with r. Further, by the first 
property of generic {gr}, any element of C" is eventually not in some Wr- 

2.9. We will next study the following situation: Let Mr = Vr x where has 
a basis 5i, . . .dr and let tt^. be the projection from A^^ to Vr- We suppose there are 
inclusions kr Vr ^ For simplicity, we will identify the image of Vr under 

kr with Vr- Suppose there are functions hr on Vr so that the restriction of hr+i is 
hr- Let Qr be a series of points in Vr with Qr = Qr+i under the identification and 
assume hr(Qr) = 0. Then we can send ipr ' T^r+ii^r) — ^ Nr by 

tl^riVr, Cl, . ..Cr+l) {Vr, Cl, . ..Or). 

Suppose that fr and gr are functions on Nr and that ifj* (fr) is the restriction of fr+i 
and i^ridr) is the restriction of gr+i- We will assume that fr and gr are generically 
defined on the zero section on Afr — > Vr. 

Suppose that Di . . . Dn are tame derivations of R[[e\\ and that XQ,ri Xi,r • • • Xn,r 
are vertical vector fields on Mr which form representations of D\ . . . Dn and so that 
Xo,r represents d. We will also assume that xo,r is differentiation in the direction 
5i-\-25r + . . . r5r. Note that fr-^i and gr-^i are constant when restricted to the fibers 
of V'r and further we assume that if F is a function on Mr, 

xk,r+imF)) = rAxkAF)) 

for k <r. 

Definition 2.9.1. We say that a sequence of representations as above are a com- 
patible sequence. 

Let Wr C Mr be defined by hr = 0. We can generate a certain class of functions on 
Wr in the following way: Take any P e R[e\ Then P{f,g) is a meromorphic function 
on Mr- Then we find the minimal power p of hr so that P{f,g)h^ is generically 
defined on Wr- We can then restrict P{f,g)h^ to Wr to obtain a meromorphic 
function on Wr- Let C be the set of all functions on Wr arising from such P. 

Definition 2.9.2. The sequence of compatible representations is general if the 
following holds: Suppose / is in the class C. Suppose is that 

fl{Vr,z) = f{Vr,Z, 2z,...rz) 

is constant as a function of z. Then / is constant on the fibers of the projection 

Wr Vr. 

Now define functions and g'^ on x C by the formulas: 
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gr{vr,z) ^ gr{vr,z,2z,...rz). 

Notice that the restriction of g'^_^_i to V^. x C is g'^.. Let Qr be the function g!f. 
restricted to hr = 0. We will assume that the {Gri Qr) form a generic sequence. 
We also assume that all functions in the class C are periodic when translated by 
di + 2S2 + rSr and that the compatible sequence of representations is general. 

Lemma 2.9.3. Given an integer n, suppose there is a P & Ro[e] so that 

(1) fr = P{gr) mod /l^ 

(2) = - w^^) mod e 

(3) Di (w^o) ) = -•y(^) mode 

(4) Xi,r vanishes on {hr = 0}. 

(5) Xo,r ■ • • form a general representation of Di, . . . . 

(6) The representation is slow for Di. 

Then we can find a Q & Rq [e] congruent to P mod so that 

fr - Q{gr) 

is constant on the fibers of the projection Wr V^. 

Proof. Using Lemma 2.6.1, we can find a Qi e Ro[e] so that 

x{fr) = Qi{gr) modh^+K 

In particular, we can restrict and get 

D.(/;) = Qi(^;). 

Notice that 

{dP-Qi){g'^) = mod/i^ 
Since the g'^ are generic, we must have 

dP = Qi mod e". 

If not, we can suppose that 

dP = Qi mod e'' 
for some maximal k < n. Then let 

dP-Q 



E = 



and let F ^ Rq he the constant term of -B as a power series in e. Then E{g'^) 
vanishes on the set hr — 0- Thus F = 0, contradicting the maximality of k. 
So we can write 

Qi = dP + e"Q2 mod e"+^ 
for some Q2 £ -Ro- In particular, 

h:^Q2{g'r) = ^ z) - P{gr){Vr, z)) mod K+\ 

Thus Q2{Qr) is the derivative of a periodic function. Since the family Qr is general, 
we must have Q2 = dQs and hence we may set Q = -P + ^^Qs- Then (/^ — 
Q{gr)){vr, z, 2z, . . .rz) is constant as a function of z. So 

fr - Q{gr) 

is constant on the fibers of the projection Wr — > Vr- 
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Proposition 2.9.4. Under the hypotheses of Lemma 2.9.3, we can find functions 
Fr and vector fields x'l • • • Xn ^^^^ F'r,gr,hr,XjXi---Xn form a representation of 
Di . . . Dn and a Q & -Ro[[e]] so that 

Fr = Q{Gr) mod h';:+^ 

and 

Q = P mod e*^. 
Further, Xi,r vanishes on {hr = 0}. 

Proof. Let s^^r be the restriction of fr -^Qigr) to the zero section of A/'r over Vr- We 
can think of Sn^r as a function on Vr and hence we can think of Sn,r as a function 
on J\fr. We define Fr — fr — s^^r- We can modify the Xk,r to x'k r translation by 
—Sn^r This new family of representations remains compatible. x'\ r ^^^^ vanishes on 
{hr = 0}. For 

Xi = x'l mod hr, 

since the difference xi ~ Xi is divisible by Sn^r Note that we start out with fr = gr 
mod hr. 

Theorem 2.9.5. Suppose there is a generic compatible family of representations 
with 

(1) Gr, Qr general 

(2) xi,r vanishes on {hr — 0}. 

(3) L>i(t;W) = 7;(i) -tuW mod e 

(4) = - v^i) mod e 

T/ien there is a Q & Ro[[e]] so that 
for all i. 

Proof. Suppose we have constructed a Qn so that 

fr = Qn{gr) mod /l" 

for a given n and all r. By the Proposition 2.9.4, we can find 

Qn+i = Qn mod e" 

and modify fr so that 

fr = Qn+l{9r) mod h^+'^ . 

Notice that for any P e -R[[e]], we have that 

P{fr,gr) = C7Q^^AP){9r) mod h^^+K 

Since o^Q^_^_^ is a ring homomorphism commuting with d, it suffices to check the 
equation for P = v^^^ and P = w^^\ Now 

= Xi,r{fr - Qn+l{9r)) 
= A(^^°)-Qn+l)(/.,^7r) 
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We let Q be the limit of the Qn- Then 
for all n. Since the Qr are generic, we have 

aQ(A(^^')-g)) = o, 

i.e. D,{v^^^ ~Q)eXQ. 
Definition 2.9.6. Suppose that 

Di{v^^) -Q)elQ. 

Then we define derivations 

A : RqM] ^ ^o[[6]] 

by 

Di{P) = a{Di{P)) 
where a is the inverse of the natural map 

: RoM] ^ R[[e]]/XQ 
and T is the image of T e R[[e]] in R[[e]]/XQ. 

Theorem 2.9.7. Suppose that p = (/, g, h; xi, • • • Xn) is a representation ofDi, . . .D 
and that 

f = Q{g) mod h'^ 

for all n. Then using the notation of Definition 2.9.6, {g, h;xi ■ • - Xn is a represen- 
tation of Di . . . Dn- 

Proof. 

Xi{g) = Di{w^^\f,g)) mod/i'^ 
= Di{w^''\Q{g),g) mod 
= a(Di{w^°^){g) mod/i^ 
= Di{w^^^){g) mod/i" 

Definition 2.9.8. If i:> e Ro[[e]] so that 

D = Do + Die + D2e^ + . . . , 

we define 

I)M = Do. 

Similarly, we let xf^ be the restriction of Xi to the set {h = 0}. 

Lemma 2.9.9. Suppose that Di . . .Dn G Ro- Suppose that Ei . . .En G Rq. Sup- 
pose that {g, 0; xi, • • • Xn) is a representation of Di, . . . Dn and {g, 0; x'l^ ■ ■ ■ x'n) is 
a representation of Ei . . . En. Assume further that Xi ■ ■ - Xn and x'l • • • x'n span the 
same n dimensional vector space. Further, assume that if g satisfies any non-trivial 
linear combination D of the Di and Ei, then D = 0. Then linear span of the Di is 
the same as the linear span of the Ei. 

Proof. We can assume that the Xi = Xi- Then {Di — Ei){g) = 0, so Di = Ei. 

Corollary 2.9.10. Suppose that Di G -Ro- Suppose that {g,0;xi) is o, representa- 
tion of Di. Further, assume that Di{g) = implies that Di = 0. Then ifxi{9) = 0? 
iher, — n 
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3. Constructing Deformations 

3.1. Let T be a smooth analytic manifold and let tt : A' — > T be a proper flat 
family of curves of arithmetic genus n. Let to E T he a fixed point. We will usually 
be interested in the behavior of the family and related objects near to. We will 
suppose there are sections P : T ^ X, Q : T ^ X, R : T ^ X so that for each 
t G T, we have P{t) + Q{t) is a divisor on Xt = 7r~^(t) is linearly equivalent to the 
divisor 2R{t). We will also assume that Q{t) and R{t) are all smooth points 

ofXf 

Let 5 : T X S'-^ — > A" be a map defined over T so that tt is smooth at every point 
of the image of 5 and let a; be a section of -n^iux/T)- {'^x/t is the sheaf of relative 
dualizing differentials.) Then 5{t) is a cycle on X^ and we can form 

l5{t){uJt) = / i^t 

J5{i) 

where Is is a section of the dual of 'n*{oJx/T)- So we can consider Is as a section of 
i?^7r*(OAr)- We will suppose that we can find 5i . . . 5n so that Is^. . . Is^ are a basis 
of R^'K*{Ox)- Let Vk be sections of 'k*{ujx/t) which are dual to the Is^. 

We will assume that there is an open set U d X so that z : U — > D x T is an 
isomorphism of D x T as T spaces, where D is the unit disk. We assume that the 
images of the sections P, Q and R are all contained in U. For simplicity, we will 
assume that the image of P is the zero section and let 

h = z{R). 

We will assume that 

dz = v\. 

Further, we will assume that we can find ant i- derivatives hk of the Vk defined on U 
and that the functions 




This condition insures that the secant line between Q and P on the local curve 

t^{hi{t)M{t),...K{t)) 

passes through (1, 2, . . . , n) when hi{t) ^ and insures that the tangent line to P 
passes through (1,2, .. . ,n) when hi{t) = 0. The existence of such families is not 
obvious at this point, but we will exhibit such families in §4. 

3.2. Let 

Ti = T X C 

and let 

X^ = XxC'^ = X XtT-l. 

We will define a relative line bundle C on Xi over Ti. Let tti : — > Ti be the 
projection. We have the coordinate functions zi .. .Zn on C". We will again denote 
the pullback of Zi to Ti by Zi. On the other hand, we will denote the puUback of J^. 

„ .4-: — d1_ r/n \ u,, T rpi „ „ • 1 — T _ J- „ • — 
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of i?^7ri_*(CA'i)- Then there is a relative hne bundle L on Xx so that L corresponds 
to the same section of i?-^7ri,*(C^J as exp(27rz/). We also assume that we have a 
line bundle M. of relative degree n on X\ which is the puUback of a line bundle on 
X -^T.\.&t M = M® L. 

We will assume that -P(T) and Q{T), which are divisors on X, meet transversally. 
Consider Z = 'n{P{T)r\Q{T)), where tt is the projection of A" — > T. We will assume 
Z is a divisor in T and that the map from P(T) nQ(T) — > Z is an isomorphism. Let 
Zi be the inverse image of Z in Ti. Wc assume that R{T)r\P{T) and R{T)nQ{T) 
are both equal to P{T) fl Q{T). We will assume that Zi is defined by an equation 
/i = 0, where h is the puUback of a function on T. 

We will also assume that we have chosen a non-constant section A of Ox{P{T) + 
Q{T) - 2R{T)) Let's fix a point t e Ti. Then on ^"1 1, we have the line bundles 
^fk,t=^ft{k{P{t)-Q{t))). 

Definition 3.1.1. Suppose P{t) ^ Q{t). Then t is A'"-good if each of the line 
bundles N'k,t{~P{t)), is non-special for < N. We then define sections Sk £ 
H^{Hk,t) for I /c I < TV so that 

Remark. Given our choice of A, these are determined up to an non-zero multi- 
plicative constant independent of k. 

We will assume we have made a special choice to A to be denoted Aq so that 
^Ao(P) = 1. Let's fix N and let T2 C Ti be the set of TV-good points. 

Theorem 3.1.2. There are functions Ak^t,\ o-nd Bk,t,\ defined on T2 for \ k\ < N—1 
so that 

Asfc = Sfe+i + Ak,t,\Sk + Bk,t,\Sk-i- 

The function B is never zero on T . 

Proof. The dimension of H^{Np{P{p) + Q{p))) = 3. So there must be a linear 
dependence relations 

CAsfc -I- Dsk+i + Ask + Bsk-i = 0, 

where A, S, C and D are all in C. Now we have chosen our normalizations of the 
Sm and of A so that 

at P{p). We must then have C = —D. Further, we cannot have C = D = 0, since 

this would lead to a dependence relation between Sk and Sk-i, which have different 
order poles at P{p). So we can completely normalize by taking C = —1 and D = 1 
and finally writing 

Xsk = Sk+i + Ask + Bsk-i- 
If tt is a nowhere zero function on T, then 



A 
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and 

Bk,t,u\ = U^Ak,t,\- 

Further, we have 

Ak,t,c+\ = Ak,t,\ + C, 

while B is unchanged by adding C for any function C on T. We can now normahze 
the Bk in the foUowing way: Let 

T5 Bk,t,x 
i^k,t - ■ 

-Dfc,0,A 

3.3. We next discuss theta functions following [M]. Let C = Xt and denote Pt by 
P, etc. We assume that C is non-singular. We regard H^{C, Z) as a subgroup of 
H^{C, O)*. Let C\ be the set of all complex numbers of absolute value one. Choose 
a map 

a : H^{C, Z) ^ C* 

so that 

a{ui)a{u2) 

There is a unique hermitian form H on H^{C, 11)* so that 

QH{x,y) = {x,y). 

Let 1} defined on H^{C, VL)* be the function satisfying the functional equation 

d{z + u) = a(w)e'^^(^''^)+'^^('^'")/2T?(^) 

for z e H^{C,n)* and u e H\C,Z). There is a map 7 : f/ n C ^ H^{C,n)* 
defined by 

where the path from P to is chosen to lie in U nC. Thus we can regard 7(5') e 
H^{C,0). Given any non-special line bundle C ~ Oc{D) of degree n on C with 
D effective, here is a constant Kc G H^{Oc) so that the zeros of the function 
p —>■ '&{j{p) + Kc) are just D counting multiplicity. Further, 

exp(27rzi^£) = C 

Also 

Kc{q-P) =Kc- 7(9) 

modulo periods. Let Kq be a constant corresponding to the line bundle M. and 
choose a line bundle M.i = 0{Di) so that P is a point of multiplicity one of Di 
and all the other points of Di are outside U . Select Ki corresponding to Ali. So 
'{}{'~^{z) + Ki) vanishes exactly once at P and at no other point of U. 

Using the theta function, we can write down an expression for a function Aq 
initially valid in U . 

^ ^{-i{z) - ^{R) + K,f 
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where 

_ v(^)(Ki)-y(p)^(i^i-7(g)) 

This is a weU-defined meromorphic function on C, since P + Q is hnearly equivalent 
to 2R so by Abel's theorem, 7(P) +7(<5) = 27(i?). Using the periodicity properties 

d{Z-^{R)^Kif 
i9{Z + Ki)^{Z + Ki-^{Q)) 

is periodic in Z e H'^{0). 

Next, we develop a formula for 

Aqso 
u — . 

Sl 

Attached to the point t, there is a line bundle A/o,t and let L be the projection on 
t to C"^. The zeros of ^?(7(-2) + L + 'y{Q)) match the zeros of si and the zeros of 
'd{^{z) + L) match the zeros of sq. On the other hand, 

^(7(^)+i^i-7(Q)) 
^(7(^) + i^i) 

has a simple pole at P and a simple zero at Q. So si/sq is a multiple of the rational 
function 

d{^{z) + K,- 7(Q))^(7(^) + L + 7(Q)) 

Consequently, tt is a multiple of 

d{^{z) + Ki--i{R))H{^{z) + L) 



^{-l{z) + - 7(Q))2^(7(z) + L + 7(Q)) • 
Using that u{P) = 1 and 7(P) = we obtain that 

_ ^(7(^) + + 7(P))^^(7(^) + L)^(Ki - 7(Q))'^(^ + l{Q)) 
^{^{z) + K,- 'y{Q))H{^{z) + L + i{Q))^{Ki - ^(RW^L) ' 

Let a denote the constant term of the Laurent series for X — si/sq developed 
around z = 0. We get a = -^{u) evaluated at ^ = P. Since u = 1 at ^ = 0, we 
obtain 

(3.1.2.1) 

^ ^ V(^)(Ki-7(Q))-y(P) _ VW(L + 7(Q))-y(P) 
^(Ki-7(Q)) ^(i^ + 7(Q)) 

V(^)(j^i+7(P))-y(P) V(^)(L)-y(P) 
^(i^i+7(i?)) ^(L) 

For future reference, we give a formula for the constant term Cq of the Laurent 
expansion of si/sq., namely 

(3.1.2.2) 

V(^)(i^i-7(Q))-y(P) ^ V(^)(L + 7(g)) • l'{P) 



^(Ki-7(Q)) ^(L + 7(Q)) 

V(7?)(L) ■7'(P) 
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where 

evaluated at z = P. 

We will also be interested in evaluating 

AqSo 
V — 

S-1 

at Q. We obtain that 

g-i _ ^{^{z) + K,)^i^{z) +L- 7(Q)) 
So i»{^{z) + K^-^{Q))i»{^{z) + L) 



with 



F = 



V(^)(Ki)-7'(m^-7(Q)) 



So 



, where 



XqSq ^ ^i'yiz) + L)^{-f{z) - -f{R) + Ki)^ 
s_i ' 7?(7(^) + Ki)2^(7(^) + - 7(Q)) 

(V(^)(Ki)-7WW^-7(Q)) 
-^1 = — 



T?(-7(i?) + Ki)2^?(L) 
So evaluating at Q, we get 

b=^{Q) 

S-i 

_ ^{L + 7(Q))^(7(Q) - 7(^) + 
' ^{-i{Q) + K^)H{L) 

_ ( mQ) liR) + i^i)VW(i^i) ■ Y{P) y ^{i{Q) + L)^i-liQ) + i^) 

V ^(-7(i?) + i^i)^?(7(<5) + i^i) J ^{Lf 

(3.1.2.3) 

^ / ^(7(i^) + i^i) V W (i^i) ■ y (i") \ ' ^(27(i?) + L)^(-27(i?) + L) 

V ^?(-7(i?) + i^i)^(27(i?) + i^i) ; 

bearing in mind that 27 (i?) = 7(Q). 

We have defined a and 6 in equations (3.1.2.1) and (3.1.2.3). a and h depend on 

t. 

Proposition 3.1.3. For our choice of \q, we have 

a = ^o,t,Ao 

and 

b = -Bo,t,Ao 

near to. 
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3.2. We will now make a canonical choice of A near the set Z. Specifically, let 



U - Y-Bo,(a;,0),Ao- 

The expression for b makes it clear that such a meromorphic function exists, since 

^.^ 

7(fl)^o ^{2-f{R) + L)^{-2^{R) + L) 
for any L, in particular for L = 0. In particular, we set 



U = 



[d{^{R) + Ki)V(^?)(Ki) ■ i{P) \ h?(27(i?))^?(-27(i?)) 



where we choose the branch of the square root which is near 1. When R is near P, 
then 

i9{^{R) + K^) ^ ^{R) ■V{i9){K,) 

and 

7?(-7(i?) + Ki) ^ -7(i?) • V(^)(Ki) 

and 

^{2^{R) + Ki) 27(i?) • V{^){Ki) 

so 

v(^(Ki).y(p) 

~ V(^)(Ki)-7(Q)- 
On the other hand, we have that 

^(i^i-7(Q))~-V(^(Ki))-7(Q), 
so the constant term of si/sq is approximately 

v(^)(Ki).y(p) 

V(^)(Ki)-7(Q) 

from the expression for Cq. So the constant term of U~^si/sq is just 1. Now choose 
C, a function on T, so that 

t^~^^0,(a;,0),Ao + C = -2. 

Proposition 3.2.1. We can canonically choose 

Acan = U ^Xq + C 

so that 

(1) 2 + Ak 

,t,>^can divisible by h . 

(2) -1 + Bk 

■t-Xcan '^^ divisible by h . 

(3) 2 + Afc,o,A_ =0 

(4) -1 + i?fc,o,A_ = 

(5) We have 

h z 
A = a-i — h CKo + CKi — + . . . . 

z n 
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Of course, the canonical choice depends on the line bundle Ai, but is otherwise 
completely determined near Z by properties three, four and five. 

Proof. Note that 

does not have zeros or poles when h ^ and h and z are near zero. Now near 
h = z = 0, V{z, h) is a power of h times a unit. We have 

^can — ~r ^can ~r J^can 

Hence the constant term of \can as a Laurent series in z is the constant term of 

plus the constant term of Acan- So modulo h, the constant term of Xcan is —1. The 
Laurent series for Aq is 

1 J 

- + - + .... 

z h 

So hV{c, h) is a unit. But the Laurent series of hV{z, h) is a power series in z/h. 
So Xcan is a power series in ^. 

Definition 3.2.2. 

Ai. f = Ah f \ 
f = Ao,t 
g = Bo,t 

f and g are functions on T x C". 

Lemma 3.2.3. f and g are defined near any 2- good point. 

Let X be diflFerentiation in the direction (1, 2, . . .n). 
Proposition 3.2.4. 

g(t, L) = 1 + Ah{tY{x^{\og{'d){L) - x^(log(T?)(0)) + higher order terms in h. 
Proof. We define 

gl(^) - 



^(L + 7(g))(^(L-7(g)) 

and then 

^_giW 

^ gi(o)- 

On the other hand, 

7(Q)=2/i(l,2,...,n) 
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Let's examine the function G(t, L) which is the analytic continuation of 

We can introduce a series of vectors V/. e C" by using the identification of C"' with 
via integration over the 5i by 

Vfe(a;) = Resp^t)^. 

Let Ki, K2 ... be the KdV differential operators. Let Xk be directional derivative 
in the directions Vfe. 

Proposition 3.2.5. We have 

h z 

A = Q!_l h CKO + CKl T + • • • • 

z h 

We can find j3k,i which are universal polynomials in the ak so that 
^(5k,iResp^t)>^^uj = h^^~^V2k+i{i^) mod h'^'' . 

l<k 

Further, 

Pk,k = riko^i, 

where e Q and ni ^ 

Proof. First note that we can find ^k,l, universal polynomials in the ak so that 

l<k ^ 

Indeed, 

h 

A = q;_i — h . . . . 
z 

A = a_-,—;r + Za^iao — 
z^ z 



\ 3 3 ^ o 2 ^ /o 2 o 2 \ ^ 

A = q;_i — 5- + 3q!oQ;_i — + (ocK-iCKr) + 3q;_iQ;i) — h 
z-^ z^ z 



So we can express 

k 

fik = a_^^ 

in terms of A ... A^ with the coefficients universal polynomials in the a^s. 

Note that z — h vanishes on R{t) and that z — h is the anti-derivative of a 
holomorphic differential. Since the curve is hyperelliptic and R{t) is a Weirstrass 
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However, any differential is even under tlie involution. Thus any differential can be 
expanded around P{t) as a power series in the even powers oi z — h times dz. So if 
a; is a differential, we can write 

uj =(ao + a2{z — h)^ + a^{z — ■ ■ ■ )dz 
^f{{z-hf)dz. 

So 

-Resp(t)/xia; = a-ihf{h^). 
Resp^t)^i2U = 2h^a\f'{h'). 
Resp^t)f^3U = h^a^_^{2f'{h') + 4.h'f"{h')). 
Resp(^t)fMUJ = h'^a\{2hf"{h') + ^hfih") + Sh^f'ih^)). 
Continuing in this way, we see that we can express 

as a linear combination of 

for I < k. On the other hand, 

/(^■)(/i2)=v2fc+iH mod/i. 

Definition 3.2.6. Suppose Di . . . Dn G i?o[[e]]- We assume Di . . . are linearly 
independent over C[[e]]. Let M. be the C[[e]] module generated by the D^- Then 
we can find an increasing sequence of integers mi . . . rrin and Ei . . . G -Ro[[f]] so 
that the E^^^ are all linearly independent over C and so that e^'^Ek are a basis 
of M.. mi . . .mn are uniquely determined and called the characteristic numbers of 
Di . . .Dn. The e^^Ei . . .e^'^En are called a normalized basis for M. Note that 
. . . , En^ are linearly independent over C. 

Corollary 3.2.7. Suppose that T is one dimensional and {h = 0} is just a point 
X and that h is a parameter near x. Let g be the function on C" defined by 

g{L) = G{x,L). 

In the context of the above definition suppose that (G, /?.; x, xi, . . . Xn is a repre- 
sentation of Di, . . .Dn and g does not satisfy any non-zero linear combination of 
Ki,...Kn,E^^\... E^n^. Further assume that 

V2j+i(5') = X^A,iK^(5') mod/i 

with Pjj 7^ 0. Then the characteristic numbers of Di, . . . , D^, are 1, 3, ... 2n — 1. 
Further, the span of E^^^ ,.. . En^ is the same of the span of Ki, . . . K^. 

Proof. There are polynomials Pij G C[e] so that 

j 

J2 PiAh)Xi = h''^-\2j+i mod h^^ 
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with Pj,j{0) ^ 0. Then let 

Let e'^^ Fj be the leading term of E'j as a power series in e. Then Fj is a linear 
combination of . . . En^. If rj <2j — 1, then 

F,{g)^0. 

So we would have to have Fj = 0. We conclude that Vj > 2j — 1. On the other 
hand, 

V2j+i{9) = ^l3i,jKi{g) mod/i 

with Pjj ^ O.So Tj > 2j — 1 and so rj = 2j — 1. Let 

Ej^e-^^+^E'j. 

Then 

Since the Kj are independent, so are 

3.5. For future reference, we will now calculate the function B in a very special 
situation. Let T be a point and let A" be a curve of arithmetic genus one with one 
node. We can find a normalization map tt : P-*^ — > A" so that 7r(0) = 7r(oo) is the 
node. Let p and s be points of P^, q = 1/p and r = 1. We set P = 7r(p), Q = n{q), 
S — 7t{s) and R = n{r). Let 6i be the image of a circle traversed counterclockwise 
around G P^. We let = Ox{S). Then the function B will just depend on a 
number a e C and on p and s. The normalized differential is just 

1 dz 

2TTi z 

Explicitly, let 

U = Ox{tt{x)-S). 

Then we should have 




So 

X = Se^^"^. 

We use the usual parameter z on X coming from the parameter 2; on P^ to 
normalize our expressions for A and the Sk- We can now write down these expressions 
using a degenerate theta function 
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So we get 

X(z) - 

where Ki is chosen so that the first Laurent coefficient of A at p is one. On the 
other hand, 

[z) = 



and define 



Lemma 3.5.1. 



S-l,a ■dq{z)-dx{z) 



r{z,t) 



g ^ r{q,x)r{p, s) 
" r(p, x)r{q^ s) 



i^x/p^ {p)i^sip)i^xiq)^s/p2 (q) 

(1 ~ p/x){l — l/ps){l — p/x){l — p'^/s) 

(1 —p^/x){l — p/s){l — l/xp){l —p/s) 



3.6. We will now consider how to use the family Xi — > Ti to define representations. 
For each positive integer A;, we define a map 

TTfe : 7r*(a;;ti/Ti) ^ Ot^ 

by 

where Resp(^t){^^^) indicates the residue at Pit) of the meromorphic section of the 
dualizing sheaf of Xi^t = C obtained by multiplying a; by A^. Notice that the 0fe all 
vanish on Z, since /_i vanishes on Z. We define 

Lemma 3.6.1. '0 = X2 + 2xi vanishes on Z. 

Proof. This follows from Proposition 3.2.1 (5). Indeed, using the fact that = —1 
mod /i, we see that 

ReSp(^t)i^lan + 2AcanV 

vanishes to order h^. So X2 + 2xi vanishes on Z. 

We will initially assume C is smooth. We will also assume that 




Vk = hk. 
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we can now associate an infinite tridiagonal matrix Cp by defining its ij^^ entry 



C'p.ij as 



f 1, for z = j + 1 

Ai,p for i = j 

Bi^p for i + l= j 

otherwise. 



Note that Cp is a well defined infinite matrix. If we have an infinite matrix E, we 
define a matrix E^"*" by 

Ei,j, ioTiKj 



^'^ \ otherwise. 

We have identified H^(Oc) with C"^ using the Ik- So we may think of the (pk 
as sections of the map Ti = T x T. So we can define vertical vector fields 

Xi 5 X2 • • • on Ti corresponding to difi^erentiating the direction 0i , 02 • • • • We define 
X to be difi^erentiation in the direction (1, 2, ... n). 



Theorem 3.6.2. 

Xk{Cp)^[{C';) + ,Cp], 
where [E, F] indicates the commutator of E and F. 



Proof. Assume that h ^ and that h = with N and M integers. Then 
M^{Q) e Z" and consequently there is a function a having a pole of order M 
at P and a zero of order M at Q. We normalize a so that a/X^ has value one at 
P. Then we have 

Sk+M = OLSk 

and consequently, A]^ and are periodic. Theorem 3.6.2 is just Theorem 4 of 
[M]M. On the other hand, the set of points with h rational is dense and conclusion 
of this theorem holds generally. 



We can find e 5i e«Si so that (^/) is the l^^ diagonal entry of [(C^)+, Cp 
and Vt^{Bi) is the l^^ off diagonal entry of [(C^)+,Cp]. 

Definition 3.6.3. Dk = Dt^ . 

For t e T, let a : T ^ T X C be defined by 

a(t) = (t,l,2,...n). 

Then using Definition 3.2.2 

A^k,x = f{x + kh{x)a{7T{x)) 

and 

^k,x = S{x + kh{x)a{-n{x)) 
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Theorem 3.6.4. 

(f,g,X,Xl---Xn) 

form a representation of 

Di,...Dn. 

Further, both f and g are periodic under translation by (1, 2, . . .n). Further, 

„ f + 2 

and 

g-1 

are meromorphic functions which are holomorphic at any point t with h{t) = 
provided that the N't is non-special on the curve Xi^f 

Proof. We have checked the last statement when the curve Xi^t is smooth. But if 
Mt is non-special, then all the nearby line bundles on all the nearby curves are non- 
special. Hence fi and gi are analytic at points w near t provided that h{w) ^ 0. 
Further, at points w so that h{w) = 0, the two functions are holomorphic provided 
that t is smooth. Hence both functions are holomorphic on a neighborhood of 
t, except perhaps for a subset of codimension > 2. So by Hartog's theorem, these 
functions are holomorphic at t. 

Let ip = X2 + 2xi • We can define Pi and P2 in ^'2 so that 

'^Pi,P2i^k) = Ak-i,pBk-i,p+Ak^pBk-i^p+2 Bk-i,p—Ak,pBk,p—Ak+i,pBk,p—2 Bk,p, 
and 

'^Pi,P2{Bk) = Bk,p {Bk-i,p + Al^p + 2Ak,p - - 2Ak+i,p - Bk+i,p) ■ 

Thus we have the tame derivation D = Dp^^p^ of -R[[e]]. 
Then we can use Theorem to calculate: 

'^{Ak,p) = Vp,,p^{Ak) 

i^{Bk,p) = Vp^^P,{Bk). 

Proposition 3.6.5. Then f, g, /i, x,'0 form representation of Dp^ p^. Further, i/j 
is slow for this representation. 

Let's calculate the first terms of -D$ as a series in e. We get 

2E_i(«;(0)) - - £;i(i;W)^(o) _ 2«;(o). 

We have 

r> r..(0)\ — Ttr..(0)\ 
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So 

D^ieV^) = {E_,i-2 + 62^(°))£;_i(l + e2«;(°)) + (-2 + e\^^^)E_^{l + e^w^^^)+ 

2E_i{l + e2«;(°)) - (-2 + e2^(°))(l + e^^;^^)) 
-E,{-2 + e2^;(0))(l + eV^) - 2(1 + e^w;^) 

Evaluating we get 

-D<i>(t'*-'^-') = e{v^^^ — w*^^-*) + higer order terms in e. 

Similarly, 

D^{w^^^) = e{—v^^^ + w^^^) + higer order terms in e. 

3.7. We will be applying this construction of slow representations to prove Theorem 
1.1. We need to have a criterion for checking that such representations are general. 

Definition 3.7.1. Let be a complex manifold and let tt : X — > S' be a family 
of stable curves parameterized by S. Let sq £ -S' be a point and suppose that 
Ni, N2, . . ■ Np are the nodes of ^x,,- Then wc can find functions /fc defined near sq 
so that the deformation of the node Nk is locally isomorphic to xy = fk- We say 
the nodes are independent at sq if the differentials of the fk are independent at xq. 

Remark. Suppose the gi . . . Qr are functions on 5'. Suppose that the gi . . .Qr have 
independent differentials when restricted to some smooth S' on which all the fk 
from the above definition vanish. Let S" be submanifold defined by the vanishing 
of all the gi. Then the family X Xs S" has independent nodes. 

We will consider the following situation: Let be a connected complex manifold 
and let A be a sheaf of abelian groups locally isomorphic to Z^". We will assume 
that A has a symplectic form ( , ). Let p be a point of A4. There is the usual 
monodromy representation p of 7ri{A4,p) on the stalk Ap. Suppose that there exist 
81,82, ■■ .5n in Ap so that the endomorphisms Tj of Ap defined by 

Ti{^) = l + {l,8i)8i 

are all in the image of p. We also assume that {8i, 8j) =0 for all i and j. Let 

8 = 81 + 282 + + n8n. 

Let TT : y ^ be a vector bundle of rank n. Here y is a physical bundle, i.e. 
V is a complex manifold and for q G A4, the fibers of tt, 7r~^{q) = Vq, are given the 
structure of complex vector spaces. Let V be the sheaf of analytic sections oiV, so 
that V is locally free of rank n on A^. Suppose that A is a subsheaf of V so that 
each A G Ap can be considered a local section of V defined around p. In particular, 
by evaluating at p, we get a map pp from Ap ^ V^. We assume that the image of 
Pp is a lattice in Vp. We assume that the images of the 8i give a complex basis of 
Vp for each p. 

Let / be a meromorphic function on V. In particular, we can look at /p, the 
restriction of / to V^. We will assume that fp is invariant under translation by 
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Definition 3.7.2. Let W he a. complex subbundle of V. We say that W is good 
if / is constant on all the cosets of Wp C Vp and the elements of Ap fl Wp span W 
as a complex vector space. 

Let U C be an connected open set and let A be a section of A over U. The 

set of p G C/ so that \{p) G Wp is cither all of U or is defined by non-trivial analytic 
conditions and so is nowhere dense. Consequently, we may find a set of the second 
category T C M so that if p G T and X{p) G Wp, then X{q) G Wq for aU q e U. We 
call such a point very general. 

If W is good, then the sheaf Aw = AnVFcAisa locally isomorphic to Z'^ for 
some k and Aw ® Om = W. 

Lemma 3.7.3. Suppose that the subbundle of V generated by S is good. Then fp 
is constant. 

Proof. It suffices to prove the assertion for a very general point p. Let be a good 
subbundle. First note that the monodromy representation p leaves Lp = ApH Wp 
invariant, since p is very general. 

Let Qp be a maximal complex subspace of Vp so that fp is constant on the cosets 
of Qp. Note that if fp is constant on the cosets of Qi and Q2, then there fp is 
constant on the cosets of Qi+Q2i so such a maximal Qp exists. First, suppose that 
L = Qp n Ap is not a lattice in Qp. Let q : Vp ^ Vp/ Ap he the quotient map and 
consider the closure X of q{Qp) in the torus Vp/Ap. Note that / can be considered a 
function on Vp/Ap which is constant on the cosets oi q{Qp) and hence on the cosets 
of X. But X is a closed subgroup of Vp /Ap and hence there is a real subspace Q'^ of 
Vp so that q{Q'p) = X and fp is constant on the cosets of Qp. Further, Q'^ n Ap is 
a lattice in Qp. fp is meromorphic, so fp is constant on the complex subspace Qp 
spanned by the vectors in Qp. Thus Qp = Qp, so Lp = QpH Ap is a lattice in Qp. 

For any point p, there is a simply connected neighborhood U G Ai of p and a 
set T C U of the second category in U so that Qq D Aq = Qj. r\ Ar for all q and r 
in T, since the set of subgroups of Z^" is denumerable. Here we have identified Aj. 
with Aq, since they are both identified with the global sections of A over U. We can 
then find a subsheaf W of V so that Wg = Qq for all q E T. Our sheaf W has been 
constructed in a neighborhood of a arbitrary point p, but these sheaves constructed 
at different points coincide on the overlaps, since their fibers coincide over sets of 
the second category. Consequently, we have a sheaf W so that the fiber of W at g 
is Qq for a dense set of q. Let A\y = W fl A. Let W G V he the physical bundle 
associated with W. Then / is constant on the cosets of Wq for a dense set of q. 
Consequently, Wp C Qp for all p with equality for a set of the second category T. 

Assume that p eT. Then monodromy operates on Wp = Qp. Let Up he the real 
span of the Si . The 5i form a complex basis ofVp, so the real dimension of Qq fl Up 
is less than or equal to the complex dimension of Qp. Also note that we can find a 
symplectic form ( , ) on as a real vector space extending the form on A. Observe 
that if V E Qp and {v, dk) 7^ 0, then Sk G Qp, since monodromy acts. Consider the 
map T : Qp — > Qp fl Up defined by 

fc 

The observation shows that T does map to Up. Since Up is maximal isotropic, the 

1 1 rr :„ „ — ] -/^ ^rr i j;™ ; — ;„ i ^-^ 1 
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to twice the real dimension of Qp fl Up and the map T is onto. The dimension of the 
image of T is the number of k so that (v, 5k) 7^ for some v e Qp. Hence Qp fl Up 
has a real basis consisting of some subset of the 5k- But 5 & QpDUp and 5 is linear 
combination of the 5k so that all the 5k appear non-trivially in 5. So Qp = Vp and 
fp is constant. 

4. Explicit Construction of Curves 

4.1. We will be considering families of curves in x P-*^ over C, which are gener- 
ically double sheeted coverings of the second factor. Let 

To = i?°(P^ X P\ 0{n + 1, 2)). 

So an element of Tq is a polynomial in the variable Xq, Xi, Fq, ^i, which is homo- 
geneous of degree n + 1 in Xq, Xi and homogeneous of degree 2 in Iq^ ^^i- Usually, 
we will use afRne coordinates to describe the elements of Tq we will be considering 
, where we set Xq = 1, Xi = x, Yq = 1 and Yi = y. One can easily pass from the 
affine coordinates to the homogenous coordinates. So the elements of Tq of interest 
to us can be described by 

a{x)y'^ + b{x)y + c{x). 

Let Ti C P^ X P^ X To be the universal curve and let tts : Ti — > To and tti : Ti ^ P^ 
be the obvious projections. 

There is an birational involution t of Ti over To given by 

b{x) 

L{x,y) = {x, -y). 

a[x) 

Note that t is only defined for those points {x,y) with a{x) 7^ 0. 
Consider the map A from C"^ to To: 

A{ai,a2,...an) = {y^ - x){x - ai) . . . {x - a^) = T'ai, 

Let Lo be the image of A in T. Let 

C{ai, a2, . . .an) 

be the curve 

7ro"^(A(Q;i,Q!2, . . .an)). 

The ak form a partial system of local coordinates around any point A{ai, a2, . . . an) 
on To as long as the ak are distinct and so Lq is a submanifold of To at those points. 

Let Pq denote A(l,^,^,...42-) g To. We will be investigating curves in a 
neighborhood of 

For P near Pq, Ti — > To forms a family of semi-stable curves parameterized by a 
neighborhood U C Tq of Pq. On Cq, we have 2n nodes Nk = (/e^, k) for k between 
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Lemma 4.1.1. The nodes of the family Ti Tq are independent near Pq. . 

Proof. By replacing [/ by a smaller neighborhood of Pq, we can find fk defined on 
U so that the deformation of the node Nk is locally given by 

{x - ^){y' - x) + fk{P) 

for P e To near Pq. The fk have independent differentials at Pq. Indeed, it suffices 
to show that for any k, we can construct a map ifjk '■ D ^ Tq, where D is the unit 
disk, so that ipK fp) vanishes identically if p k, but vanishes to exactly order one 
at G D if p = A;. 

12/1 1 
W{x,y,t) = {{y'-x){x-^) + {t' + j){y+-r)) J] " -j)- 

Note that 

dW,l 1 , , 

SO that the total space family of curves over D defined by = is smooth at 
(p-, -I, 0), so that i^lifk) vanishes exactly once at t = 0. On the other hand, {-^i,—^) 
continues to be a node of the curve W{x, y,t) = so 'i/'-A;(/fc) ~ cind two distinct 
nodes continue to lie over x = p^ for p^ ^ k'^. So i^pifk) = 0. 

4.2. For k > 0, choose small circles f3k oriented counterclockwise around the points 
and let 5k,o be the lift of /3k to Cq which is near to the point (p-, -1) so that 
Ti"! ° <^A;,o = Pk- For some neighborhood U G Tq of Pq, we can find a map Sk '■ 
X U ^ n^\U) defined over U which restricts to Sk.p„, where ir^ : Ti ^ Tq is 
the projection. Let Utj^/Tq be the sheaf of relative dualizing differentials. Let 6k,Q 
be the cycle dk{S^, Q) on Ti q for Q G Tq. By possibly shrinking C7, a section w of 
•^Ti/To over V dU can be integrated fiberwise over the cycle 5k,Q- Thus we obtain 
a maps over 

/ : 7r3,*(u;Ti/To) ^ C'to, 

i.e. 



Sk /Q JSk{S\Q) 

Thus we get a map 

*:7r3,*(u;T,/To)^0OTo 

k 

as the direct sum of the L . 

Note that we can compute the dualizing differentials on D = C(q;i,... ,Q!n)- 
Namely, let Wk be the differential 

^kdy 



7ri(y2 - ak)' 
Then Wk extends to a section of cod and 

Wk = Sp^k, 

J Sp 

where 5„ k indicates the Kronecker delta function. So by shrinking U again to a 
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Lemma 4.2.1. We can find local sections Vp of ns^^{uTi/To) that 

/ Sk,p. 

JSk 

A point t = {E,p) of Ti consists of an equation E{x,y) e Tq for a curve C C 
X and a point p E C. Let Ui be a small neighborhood of (Po)(0,0)). We 
introduce functions hp of z E Ui by the formula 



hp{z) = / Vp, 

Jiiz) 



where we define this when the projection of ^ to P^ x P^ near zero and P = T^siz) 
is near Pq. Here we must specify a path 7 from l{z) to y. First we ask that 7r3(7) 
be a point and that the projection of 7 to P^ x P^ lie near (0, 0). Notice that on 
Co, the point (0, 0) is fixed under t. So as long as we stay near to (0, 0) and Co, it 
makes sense to ask that the path from stays near (0, 0). With these assumptions, 
hp is well defined. The functions hk all vanish on the ramification locus TZ of the 
map 7Ti X TTs : U — > P^ x Tq, when the h^ are defined, for TZ is just defined by 
i{z) = y. Also TTs : 7?. ^ To is a local isomorphism at the points we are considering. 

4.3. We can compute these hk on the curves C{ai, . . . , q:„). The projection of our 
path 7 lies on the curve C{ai, . . . , Let the projection of z to the second factor 
of P^ x Pi be yo. 



/yo 
-yo 



a^dy 



:^log( ; ) 



m ak + yo' 
2yo 



i^/ak 



TTl 



where ~ indicates approximately when yo is close to zero. 

This means that each of the hk = defines 7?. n 7r^^(Lo) as a subscheme of 
7r^"'^(Lo) in a neighborhood of Po, since y = vanishes to order one TZr\ir^^(Lo) C 
7r^^(Lo). Since all the hk vanish on 7^ in a neighborhood of (0, 0, j/), we see that all 
the hk vanish to order one along TZ fl 7r^^(Lo). 

Let 

FT- 

^k — -[— 

hi 

for k from 2 to n. TZC] 7r^^(Lo) can be identified with Lq locally via tts, so we can 
use the coordinates ai, . . . as coordinates on TZr\Tr^^(LQ). Then when restricted 
to 7^n7^3"^(Lo), the (-H"fe)|7^n7r-i(Lo) J^^* become 




Note that the equations hi, H2 ■ ■ ■ H„ all have independent differentials at (0, 0, Pq), 
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Lemma 4.3.1. We have 



near (0, 0), Pq- 

4.4. Let 

T = {t e Ti\Hk{t) = k} 

and let 

X = TxtoTi. 

The map tt : X ^ T has a canonical section P : T ^ A* defined in the following 
way: A point t of T consists of an equation E{x, y) G Tq for a curve C C x P"*^ 
and a point p E C. 7r~^(t) is canonically identified with C. So we define P{t) — p. 
We have another section Q : T — > A' defined by Q{t) = i{p). On the other hand, 
the ramification locus TZ <ZU is locally isomorphic to Tq. So we can find a section 
R : U' ^ X so that i{R{t)) = R{t), where U' is a neighborhood of (0,0, Pq)- By 
shrinking [/, we can assume that the images of P(t), Q{t) and R{t) in P^ x P^ 
are all near (0,0). By localizing on T, we can assume that there is a section s 
of 0{2R{t)) which is not constant when restricted to any fiber of tt. By possibly 
further restricting T we can a map z of a neighborhood of 7?. to T x D over T so 
that 

1 

z^ 

Lemma 4.4.1. T is smooth near (Pq, (0,0)) = to. tt : X ^ T is a family of 
semi-stable curves . Xt^ has 2n nodes and these nodes are independent. The I^^, 
for k > form a basis of the R^n^,{0) locally. Let T2 be the subset of T defined by 
h = and let Xi = n~^{T2). Let V be the physical bundle associated to R^n^{Oxi) 
Let f be a meromorphic function V defined on a neighborhood of the inverse image 
of to- Then if f is constant on the fibers of the line bundle generated by 

S = 61+62 + ■■■ + 6n, 

then f is constant on the fibers of V. 

At this point, we will make a choice of a line bundle M. on Ti. Note that 

Ti C To X P^ X P^ 

A point of Ti consists of an equation E G Tq and a point {x, y) with P(x, y) = 0. 
So we can map : Ti — > P^ by (p{E, x, y) = y. On the other hand, locally around 
Pq, we can find a map j : Uq ^ Ti so that ^{Uo) C TZ. Thus ^(Uo) is a divisor on 
the inverse image Ui of t/ in Ti. We let 

M = (j>*{0^.{l))®OuA-l{Uo)). 

We denote the puUback of A1 to A" by Al again. We now have a function 

B(2;, CKi, 0:2 . . . an) defined locally on Ti — T2. Thus M. restricted to the curve {E = 

0} = C is just 

cj)*{Opiil))®Oci-R) 
on the curve C{ai, a2, ■ ■ ■ ,ttn)- This bundle has degree one on all the vertical 
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4.5. Let 6 be a non-zero integer between —n and n. Let 

Wtix,y) = - x)ix - b^) + (t^ - 2ht){y - hf)). 

Note that the point (6^, h) is a node the curve Wt — for aU t. Fixing t, let (xi, yi) 
be a generic point of Wt = 0. Let 

S = Y[{x-gk)- 

k^b 

Let Z = {WtS, {xi-iVi)) G Ti. Our aim is to evaluate 

B{Z,ai,a2 . . .an)- 

We can find a map of i/ji^t : — >^ by 

, , , Awt'^ -8wtb-b'^ + 2b'^w -b'^w'^ 

[w + 1) 

and ip2,t : P^ ^ P^ by 

Awt^ -8wtb + bt-2b'^ - bw^t + 2 b'^w 



{wt-t + 2b) (w + l) 



Let tpt = (V'l.ti ''/'2,t) : P"*^ — >■ P"*^ X P-"^. Then ipt maps P^ to the curve = 
and is in fact the normalization of this curve for t generic. Further, we have 
'^i,t{0) — ■0i,t(oo) — cind ip2,t{0) — '^2,t{'^) — b, so and oo map to the node 
of Wt = 0. Further, V'l,* is ramified at 1 and in fact tpi^tiw) = ipi^ti^/w). Now 
■^^^(oo) = {—1,1 — 2b/t} = {Pi,P2}- Let C C Xp he the curve with equation 
wl = 0. 

Let C be any line bundle on which has degree zero on all the irreducible 
components of Xz. 

Lemma 4.5.1. The natural restriction map (j) : H^{Xz,C ® Mz) H^{C,C® 
M.Z® Oc) is an isomorphism. 

Proof. Note that C® M.z® Oc has degree one on a curve of arithmetic genus one, 
while C ® M-z) has degree n on a curve of arithmetic genus n. Hence, we need only 
show that (f) is injective. A section s in the kernel of is a section of C®M.z which 
vanishes on the curve C. The other components of Xz are all fibers of the projection 
of P^ X P^ onto the first factor. As such, the degree oi Mz on these components is 
one. But these components meet C in two points. So the restriction of s to these 
components is a section of a bundle of degree one which vanishes at two points. 
Hence the section vanishes on all the vertical components, and so s = 0. 

For vq e P^, let '(/'^(fo) — (a^i, We will develop conditions on the gj- so that 
Z E T. In fact, we will write gt as a function of vq and t. We can write 

Wk = J-^ ( — \-, — ^ dz 
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foT k ^ 0, while 

_ 1 dz 

° 2771 Z 

We will consider gk close to 

b-k 
b + k' 

The Wk are the puUbacks of the canonical differentials on curve in x corre- 
sponding to Z. Then we have 

hk= Wk 

Jl/vo 

= ^ (log(vo - gk) - log(l/'f;o - gk) - log(vo - 1/gk) + log(l/'f;o - 1/gk)) 



TTl \1- gkVQ J 



Note that we have chosen the usual branch of the log so that hk vanishes when 
fo = 1. We have 



hb= Wh 

Jl/vo 

= A log(vo) 



m 

Next we choose gi . . . gi-i, gb+i ... so that 

Hk = k. 

We do this by first choosing gi as a function of vq and t to make hi, = bhi. Indeed, 
we can just take 

1 - 

Note that gi is analytic even when vq — 1 and in fact 

b-1 



91 = 



6 + 1' 



when Vq = 1. We can find similar formulas for gk in terms of vq for the rest of the 
k which are not b. Let 

R{t,vo){x,y) = Wt{x,y)Y[{x -iJi^t{9k{vo,t))). 

Recall that 

so that Vq = exp{bi7rh). Then we can construct a map 
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by 

Note that $b(0,0) = (Pq, (0,0)). Then $b(/i,t) G T. We will use Lemma 3.5.1 to 
compute 

Let s = 2b/t-l. Note that the puUback of M to curve C = {Wt = 0} is OdMS)), 
where S = 7r(s). Let x = se^^'^'^K Then 

B($6(/i, t), ai, . . . a„) = — 

[vqx - 1 ) (-S + vo) (-a; + vq"^) 

Let 



H 

Then we can compute 



-l + B($6(/i,t) 



{sP-lfis-lf ' 

where ^ 

(3 = — = exp(2z7rQ;5). 
s 

So we get 
Lemma 4.5.2. 

/cZH\ _27r2(/3-l)6 

4.6. Recall that the family n : X T depends on the integer n. (The curves have 
bidegree (2,n+ 1).) Let's rename T as and $b as ^h,n and $(,(0,0) = Qn- We 
also define 

(i)t,n{t) = *6,n(0,t). 

We also denote Nn — VnX C"^. We claim that we can fit the into a compatible 
family. Our first task is to construct a map kn '-Vn ^ Vn+i- Let 

To,n = iy"(P' xP\C»(n + l,2)). 

We map Un : To,n x C ^ 7o,n+i by 

Un{V,(3){x,y) = V{x,y){x - (3). 

Here we will only deal with j3 near l/(n + 1)^ so the curve a: — /3 = will meet the 
curve P{x, v) — Q transversally. Now we see that the fiber CniV) of Ti^„ — > To,n over 
V is naturally a subcurve of the fiber of C„+i(tt„(P)), where Ti^„ is the universal 
curve over Tq^u- Thus we have natural maps 

1^ . rr , rr\ 
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Further, the normahzed differentials Vk,n+i on the curve Cn+i{V) restrict to the 
normahzed differentials Vk n ioi k = 1 . . .n. So the functions 



Jq 

on the curve Cfc^(p^^) are independent of P and in fact 

hk,n{V,/3) = / Vk,n, 
JQ 



where the latter integral is taken on the curve V{x, y) = 0. On the other hand, 

d ^n+l,n+l 



dl3 /li,n+l 

when (5 is near 

1 



7^0 



(n+l)2 

by Lemma 4.5.2. 
Now 

is the set of {V, P) with P e Cn{V) so that 



Jl(P) JdP) 



U{P) Jv{P) 

The functions kn map Vn Vn+i- Hence we have functions and gn on Vn x C" 
which form a representation of -Di . . . Dn ■ ■ ■ ■ Further, 

in{v,Zi,Zi. . .Zn) ^ in+l{kn{v), Zi . . . Zn+l). 

We let V^, f4 be the extended representations. (Definition 2.6.5.) 

Let g'^ be the meromorphic functions defined on {V^ x C) fl {/ii,n} = 

9'ni'",z) =g[^ni'",z,2z,...nz). 

Lemma 4.6.1. The family {g'n} is generic. 

Proof. Let b be an non-zero integer between — n and n. Then Lemma 4.5.2 shows 
that there are maps (j)b,n from the disk D x C to F„ so that 

9(l>lni9i,n)\ 47r% / o -A ^^ 

[0, z) = ——[1 — exp{—27ribz)). 



dt y ' ' b 

We can then consider Vn as a subset of V^ = Vn y< C by sending v to {v, 0) and 
hence we can consider (f)b^n as a map to V^ x C.When 6 = 0, we let 

0O,n(s,2;) = ({Qr,s),z). 

Then 
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Theorem 4.6.2. There is a Q E Ro[[e]]so that 

D,{v^^^-Q)elQ. 

Proof. We have constructed a representation satisfying the hypotheses of Theorem 
2.9.5. 

Theorem 4.6.3. The characteristic numbers of Di,...,Dn are 1,3, ...2n— 1. 
Further, the span of Ef'^ . . . En^ is the same of the span o/ Ki, . . . K^, where the 
Ef^^ are the leading terms of a normalized basis of the C[[e]] module M. generated 
by the D).. (Definition 3.2.6) 

Proof. Using Lemma 2.8.3 and Lemma 4.6.1, we can construct a representation of 
Di,. . . , Dn satisfying the hypotheses of Corollary 3.2.7. 

5. PoissoN Structures 

5.1. Let 

i?o = C[. . .a_i,ao, ai .. .6-1,60,^1 •• •] 

and let 

i? = i?o[c,r']- 

We say a monomial in the cik and hi has weight r if the sum of the subscripts of the 
dfc and hi sum to r. So the monomial 01026-3 has weight 0, as does C,. Let Ik d R 
be the C span of all the elements of weight k. Let Mjv be the ideal of Rq generated 

by 

Oat, ojv+i • • • Q'-Ni o,-n-i ■ ■ ■ bN, ^iv+i • • • b-N, fe-jv-i, 

i.e. a monomial is in Mjv if it involves or b^ with \k\ > N. We also let 
denote the induced ideal in R. Let Ik be the completion of Ik with respect to 
subspaces Ik n Mjv as AT —> 00. Then 

^ = 04 

k 

is called the Fourier ring. T is naturally a graded ring. 

5.2. Suppose we are given elements f,g of S = C[z, z~'^]. We define an{f,g) G C 
to be the coefficient of 2;"^ in / and g) to be the coefficient of in g. If P e .F, 
we can extend these definitions to define P{f,g) e C[C,C~^]- So if / = ^q;„2;" 
and g = 'Y^jSnZ'^ and P G Ik, then P{f,g) is the result of substituting for 
and Pn for &n in P- Note that P{f, g) is well defined. To check that two elements 
of are equal, all we have to do is to check that they induce identical functions 
on 5^. Also, if P e T[Z], then we can define P{f,g) G C[Z, C, C~^]- We denote by 
!Fq the analogous construction for Rq. Wc can naturally map : — > .Fo[[e]] by 
sending C, to exp(27rie) considered as a formal power series in e. 

Suppose wc have f E S and let be a positive integer, which we will think of 
as being large and let 

27Ti 

Ct,t = exn 1. 
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Then we can define 



TN{f){n) = /(G) 



so Tjv(/) : Z/N — > C. Note that if N is sufficiently large depending on / and k, 
then we can recover / from T]s[{f), namely 



is the coefficient of z^. 

Now suppose we have a polynomial P ^ Si (see §2.2 for definition of Si) and let 
Cat be the set of C valued functions on Z periodic of order N. We can then define 

P{F,G){n) = 

P{. ..F{n- 1), F{n),F{n + 1) .G{n - l),G{n), G{n + 1)...) 



Given f & Cn, define 



keZ/N 



Now suppose we are given two elements Pi,P2 of ^i. We can find a continuous 
derivations £p^,p^ of T with the property that for all f,gESii Pi{TN{f), T^ig)) = 
hi,N, 

{^Pi,P2{^n){f,g))^^^^ = hi,N{n) 



and 



Up^,pAhn){f,g)) =h2,N{n) 
^ ' Q—Qn 



for all N sufficiently large depending on / and g and n. 
We can construct a series of maps 



with the properties 

and 

and 

and 

Then we have 



/„ : R[[e]] ^ ^1 

/n(l) = Sn,0 

/n(FG) = 5^/KF)/n-/(G). 

l€Z 

U{dP) = 27TinUP). 



a 



J — ; — 7-1 Drr,ll ] „ J — ; j-; — n „f D rr,ll 
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Definition 5.2.1. We say D and D are compatible if 

fn{D{P)) = D{fn{P)). 

Proposition 5.2.2. Given D = T>p^q for P,Q E Si, then there is a unique com- 
patible D. D maps the image of ^ to itself and restricts to Sp^q on the image of 

5.3. Suppose we have a finite collection V of elements of Si 

P-k . . .Pq . . .Pk: Q-k . ■ .Qo - - . Qki R-k . . .Ro - ■ ■ Rk- 

Any polynomial with higher index is considered to be 0. Under some conditions on 
V, we can attempt define a Poisson bracket { , }-p on the functions ^at on by 
asking that the bracket be a derivation in each slot, be anti-symmetric and satisfy 
Jacobi's identity. Further, let Ak.Bk G Qn be defined by 

Ak{f,g)^f{k) 

and 

Bk{f,g)^g{k). 

Then we can define 

{Ak,Ai}'p = Pk-i{...Ak,Ak+i... ;...!;...) 
{Ak, Bi}-p = Qk-i{- ■ ■ Ak, Ak+i ... ; . . . -B/ . . . ) 

and 

{Bk, Bi}-p = Rk-i{- ■ ■ Bk, Bk+i ... ; . . . Bi . . .). 

Note the " in the above equations is the place holder. We will suppose that { , }-p 
defines a Poisson bracket on Qn for N sufficiently large. We can define a modified 
bracket { , }'p,n by 

{Ak, Bi}-p^N = Qk-i{- • • , -2 + jp^k, -2 + -j^Ak+i 1 + jp^i, . . . ) 
Next define ^ 

Ak,N = ^n'^^^i 

l€Z/N 

and ^ 

Bk,N = j;^ ^N^^^i 

Proposition 5.3.1. Suppose that { , }-p defines a Poisson bracket on for N 
sufficiently large. Then there is a Poisson bracket { , }-p : x — > J^[Z] so that 
for f,g eS, then 

i{ak,ai}-pif,g))(;=^^^z=i/N = {Ak,N, ALN}v,N{TN{f),TN{g)) 

for all N sufficiently large with analogous formulas for {ak, bi}-p{f,g) and 
{bk,bi}r{f, g)- 

Given P e Si[Z], define Pn : Cn x Cn ^ C by 

neZ/JVZ 
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Proposition 5.3.3. Suppose P e Then there is a unique Hp in T\Z\ so 

that 

Hp{f,g)c=CN,z=i/N = PN{TN{f),TM{g)). 
for N sufficiently large. 
Proposition 5.3.4. 

{{ak,Hp}{f,g))^^^^,z=i/N = {Ak,PNKTN{f),Tj^{g)) 

and 

{{bk, Hp}{f, ^7))c=c., z=i/N = {Bk. PN}{TN{f), TN{g)). 
Suppose that P G Si [Z] and / and g are in S. The function of e defined by 

= -P(/, fi')c=exp(27rie),Z=e 

is an analytic function of e and for N sufficiently large, 

H{^) = Pj,{T^{f),T^{g)). 

If 

(5.3.4.1) lH{L)\<K{f,g)N-\ 

for all sufficiently large, then the first / — 1 derivatives of H vanish. We can 
attach a formal power series ^(P) to P in J^o[[e]] by setting Z — e and setting 

C = 1 + 27iie H = exp(27rie). If 5.3.4.1 holds for aU f,g eS, then the first I - 1 

derivatives of "^{L) vanish. 

5.4. We next calculate two Poisson brackets. Our first bracket is given by: 

with all other brackets between the Ai and Bj being zero, except for the obvious 
antisymmetric versions of these two formulas. We can now compute: 



I k 



k,l 



1 \^ ^-lin+m)r,TD \^ ^-k{n+m)+nr,TD 



iV2 

I k 
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For our second Poisson bracket { , we take 

{Ak, Ak+i}v2 = Bk 

{Bk, Ak+i}-p2 — BkAk+i 

{Bk, Ak}-P2 = —BkAk 
{Bk-,Bk+i}v'2. = BkBk+i- 
Now we can calculate the appropriate Fourier brackets: 

{Bn,N, Bm,N} =]y2 ^ SfeC"^""} 

I k 



k,i 

= ^ J2{Bk+uB{k)}Q^'^'^''-'- + J2{Bk-^, BkjG^'-'^''-''^ 

k k 

= ^2 E 5fc5fe-iC~^'"'^""'"^ - BkBk^iC^^^^^'^-''^ 

k 
k 

__}_ ^ ^ ^^{-kn-{k+l)m)+rk+a{k+l) _ ^-{k+l)n-km+rk+a{k+l)^ 
k,r,s 

n+m=r+s 

Next, 

{Bn,N, Am,N} =J^(^ BiC,~^^ , ^ AkC^"^} 

I k 

k,l 

\ I I 
= ^2{Y.Bi{Ai^,Cn'^-Ai)Q 

— _}_'Sr^ f> A f ^-m+rl+s{l+l)-ln-lm ^-^.rl+sl-ln-lm\ 
l,r,s 

= ^ H BrAs{C--+^-l) 



-In — lm 
5 AT 



-In—lm 

5iV 



-In—lm 
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Finally, we compute 



Ar2 

/ k 

k,l 



1 / ^—ln—(l+l)Tn r, in— (i — l)m 

_ 1 I ^ >-/n-(«+l)m+W _ o A-Zn-(/-l)7 



ln—(l — l)m 

N 



We will now investigate the bracket { , }2 defined by { , }2 = { , }v2- Note 
that if we have a continuous bracket 

{ , } : JP- X JT ^ J^[Z] 

then we have an induced bracket on ^o[[c]] obtained by replacing Z by e and ( by 
the formal power series exp(27rze). By abuse of notation, we continue to call the 
induced bracket by the some name as the original bracket. 
Let Wi = Yq and consider 

Proposition 5.4.1. Let 

X = lim "^{Xi). 

>oo 

Then X is a Casimir for { , }-p^. The leading term of X in e is bo. 
Proof. We will look at {dp, Xr} — Vr. Now 

VR{f,g)c=c.,z=i/N= E (E ( )i^P^ Br}v,,^{TM, Tn{9)). 

reZ/NZ 1^0 



On the other hand. 
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is a Casimir for { , }-P2,N, as was pointed out to me by Ali Kisisel. In particular 
for N sufficiently large, 

o = E ''^7f't"" (r.(/).r.to)) 

N oo / T\l ( /"f \l 

= E(E( N2i ){^P^ BrUMTNif), T^ig)). 

r=0 1=0 

Thus if we fix / and g and I, we can find a constant K{f,g) so that 

\VR{f,g)^=^,,z=i/N\<K{f,g)N-' 

for N sufficiently large. Thus the first / — 1 derivatives of g) vanish. Since this 
is true of any / and ^, the first I — 1 derivatives of vanish. Thus {hp, X} = 0. 
A similar argument shows that {6p, X} = 0, so X is a Casimir. 

Suppose that Pi, P2 and P are in ^ifZ]. Suppose further that 

{^fc, Piv}-p,Ar = Pi{- ■ ■ ,Ak-i,Ak,Ak+i, ... ; . . . , Bk-i, Bk, Bk+i, ■ ■ ■) 

and 

{Bk, Pn}v,n — P2{- ■ ■ , Ak-i, Ak, A^+i, -Bfc-i, Bk, B^+i, . . . ), 
with the " indicating place holder, not Fourier. 

Proposition 5.4.2. Sp-^^p^{ap) = {ap,Hp}-p with a similar formula for bk- 

5.5. We get a series of derivations of J-'[[e]] compatible with Dk (see Proposition 
2.4.1). The Dfe all preserve the ideal Iq generated by 

fn{v^'^ - Q) = Ln. 

the other hand, we have two compatible Poisson brackets on .Foe]]. Let 

Z{n) = exp(27rme). 

The first is defined by 

{an, bm}i = (5n ,-m + e^6n+m)(l - exp(27rem)) 

with all other terms zero except as dictated by the Poisson bracket axioms. Thus 
we obtain 
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In particular, 

{Ln, L_ri}i = <^n,-m(~47rem) + higher order terms in e. 
The second is defined by 

{bn, bm}2 =- $'(6r)$'(6s)(exp(27rez(-m + s) - exp(27rez(-n + s)) 

n+m=r+s 
— '^{bn, bm}'P2 

with analogous expression for {bn, ani}2 and {an, am}2 from the Fourier expressions 
for the second bracket { , y-p^. First suppose that n + m = 0. We can then compute 

e{bn, b-n}2 =(exp(27re?;(?i) - exp(27rez(~?2))(l + e^6o)^ + 

e^brbs{exp(2iTei{n + s) — exp(27rei(— n + s)) 

r+s=0,r^O 

If n + m 7^ 0, then 

^{bn, bm}2 —^ bn+m{Z{n) — Z{—n) — Z{m) + Z{—m)) + higher order terms in e. 
So we get 

{bn, bm}2 = <^n+m, o(47rm) + higher order terms in e. 

We have similar results of {a^,6^}2 and {a„, 0^)2 • 
Now 

Ln = o,n — bn + higher order terms in e. 

So 

{Ln, L-n}2 = lQ'!TienSn,-m + higher order terms in e. 

5.6. Ideally, our object would be to define induced brackets on ^[[e]]//Q = ^o[[e]]. 
We will define brackets on a somewhat different ring S. First, let I'q be the ideal 
generated by the Lq for g ^ and the Casimir 

^1 — 

We can define a well defined bracket { , }2 on ^o[[e]]/-fQ as follows: If P e -^oll^]] 
and P e -^ofHlZ-^Q is the image of P, then we define a good extension of P modulo 
e'^ to be an element P' G J^oM] so that {Lq,P'}k G {Pq + e") for g ^ 0. An 
extension is good if it is good modulo e"^ for all positive n. It is easy to see that 
good extensions exist. Suppose we have constructed a good extension P„ modulo 
e'^. Then we can try 

Pn+l=Pn + e''J2^1^1 

for Wq e J^Q. Bracketing through by Lr for r 7^ allows us to choose the Wq 
uniquely so that Pn+i is good modulo e"+^. Thus we can find a good extension of 
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P and P' of P and P' and taking their bracket in J^[[e]] and then reducing modulo 
I'q. This construction gives a well defined bracket {P, Q}2 on ^[[e]]//Q. For a given 
n 7^ 0, define 



A ? /I neiTT e^TT^n^X ^ 9 f n 3/c\ Li, 



is the good extension of IP modulo for the second bracket. For n = 0, let 



Theorem 5.5.1. 



T/ie ring J'[[^]/I'q is generated topologically by the images of Pk o-nd 



6. Convergence? 

6.1. Let Q be the element of -Ro[[e]] we have constructed in Theorem 4.6.2. As 
in [G], we can compute the coefiicients Qn G Rq of Q. If is a periodic function 
analytic on R, we can ask when the power series 



(1.6.1) Y.QM{z)e^ 



k=0 

converges for 2; e R. Suppose that 

(6.1.2) |^(-)(^)| <n!, 

where g^"^^ indicates the n*^ derivative of g. For n < 23, I calculated Qn{g) usin^ 

AT 1„ ] „ U ] 1/^ I „\l ^\\ ^ C ~ ^ U., , .1, J- ™, 



56 



D. GIESEKER 



in Qn by the obvious estimate using (6.1.2). Here are the decimal values of 



n 




2 


.500 


3 


.375 


4 


.359 


5 


.312 


6 


.300 


7 


.289 


8 


.283 


9 


.288 


10 


.285 


11 


.305 


12 


.312 


13 


.348 


14 


.387 


15 


.452 


16 


.634 


17 


.756 


18 


1.70 


19 


1.95 


20 


7.81 


21 


8.46 


22 


53.2 


23 


55.2 



In order for (6.1.1) to converge for e < 1/T all we would need is that < T"'. 
On the basis of the fact that we have constructed many functions g coming from 
algebraic geometry for which 6.1.1 converges and the fact that the appear to be 
growing not too fast, I believe there should be some general convergence property 
of Q. (Calculating the case n = 23 used over a gigabyte of memory and took over 
500 hours on a Sun Enterprise.) 
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